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CalculateChristoffels

t CalculateChristoffels 8x, d, g, G« flavor: Identity, simplification : Identity calculates the down
and up Christoffel symbol arrays.

The routine returns the  ddd, udd arrays.

X, 5,0, are the same symbols used in the various derivative expansion routines. X is the coordinate, the Kronecker
symbol, g the metric tensor label. is not actually used in the routine.

A shortcut must be defined for the metric tensor g and values must have been set for its components and the inverse components.

The optional argument flavor is the flavor in which the calculation will be performed. Several metric tensors and sets of Christoffel
symbols may exist at the same time.

Simplification is an optional argument that supplies a routine to simplify the Christoffel symbols. By default no simplification is
done.

See also: DeclareBaselndices, SetTensorValues, SetTensorValueRules, CoordinatesToTensors.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™

Save settings

In[2]:= oldindices CompleteBaselndices;

oldflavors IndexFlavors;

ClearIndexFlavor oldflavors;

DeclarelndexFlavor red, Red , green, SapGreen ;
DeclareBaselndices 1,2,3 , red, r, , , green, ,

labs X, ,0, ;

DefineTensorShortcuts x,1, 9,2, , 3

In[8]:

The metric for a spherical coordinate systemusing 1, 2, 3 as base indices is...

In[9]:= metric DiagonalMatrix 1, r?, r2Sin 2 CoordinatesToTensors r, ,
MatrixForm
MapThread SetTensorValueRules #1, #2 &,
gdd a, b ,guu a, b , metric, Inverse metric ;

Out[9]//MatrixForm=
1 0 0
o xt? o0
0 0 Sin x2 2 xt ?

Calculating the up and down Christoffel symbols gives...
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In[11]:= down , up CalculateChristoffels labs
out[11]= 0,0,0, 0, xX,0, 0,0, Sinx?*x*
0,x,0, x},0,0, 0,0, Cos x> Sinx2 x*? , 0,0,Sinx??
1 2

, Sin x2 ?x1,cos x2 Sin x2 x' 2,0
0,0,0, 0, x1,0, 0,0, Sinx2 ?xt
o, x* 1,o, x* ', 0,0, 0,0, Cos x? Sin x?

0,0, x* ', 0,0,Cot x2 , x* ', cotx®,o0

0, 0, Cos X% Sin X2 X

We set value rules and display the independent nonzero Christoffel values.

In[12]:= SetTensorValueRules ddd a, b, ¢ , down
SetTensorValueRules udd a, b, c , up
SelectedTensorRules , udd _,b_,c_ ;OrderedQ b,c

UseCoordinates r, , TableForm

Out[14]//TableForm=

Y r

1,4 rSin 2

PR

2,3 Cos Sin

%15

3,3 Cot

The following is the same metric in the red flavor that uses symbols for the base indices

In[15]:= metric DiagonalMatrix 1, r?, r2Sin ?
CoordinatesToTensors r, , , X, red MatrixForm
MapThread SetTensorValueRules #1, #2 &,
gdd a, b ,guu a, b ToFlavor red , metric, Inverse metric ;
Out[15]//MatrixForm=
1 0 0
0 x 20
0 0 Sin x 2 xr 2

Calculating and setting rules for the Christoffel values...

In[17]:= down r, up r CalculateChristoffels labs, red ;
MapThread SetTensorValueRules #1, #2 &,
ddd a, b, c , udd a, b, c ToFlavor red , down r, up r ;

The Christoffel symbols now display with symbolic indices.
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In[19]:= SelectedTensorRules , udd red _,b ,c_ ;OrderedQ b, c

UseCoordinates r, , , X, red TableForm
Out[19]//TableForm=
r
r
r rsin 2
1
r r
Cos Sin
1
r r
Cot

The following is the metric on the surface of a sphere of radius a.

In[20]:= SetAttributes a, Constant ;

metric DiagonalMatrix a2?, a®Sin 2

CoordinatesToTensors , , X, green MatrixForm
MapThread SetTensorValueRules #1, #2 &,
gdd a, b ,guu a, b ToFlavor green , metric, Inverse metric ;
Out[21]//MatrixForm=
a2 0

0 a2Sin x 2

In this case we specify that SImpl i Ty is to be used on each of the Christoffel values.

In[23]:= down g, up g CalculateChristoffels labs, green, Simplify ;
MapThread SetTensorValueRules #1, #2 &,
ddd a, b, c , udd a, b, c ToFlavor green , down g, up g ;

The result of using Simplify was to generate the double angle Sin 2 2 term instead of a Sin Cos
In[25]:= SelectedTensorRules , wudd green _ ,b_,c_ ;OrderedQ b, c
UseCoordinates , , X, green TableForm

Out[25]//TableForm=
1 s
> Sin 2
Cot

All of these Christoffel values are simultaneously available. Here they are displayed as they are actually stored, without
using UseCoordinates.
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In[26]:= SelectedTensorRules , udd ,b ,c_ ;OrderedQ b, c TableForm
Out[26]//TableForm=
1 Xl
22

- 2
155 Sin x2 “xt
2 1 1
12 X
235 Cos x2 Sin x?
1

3 1
13 X
3,3 Cot x?
r Xr
_ 2
r Sin X x"
1
r Xr

Cos x Sin x
r Xr !
Cot x
1 o=
> Sin 2Xx

Cot x

Restore settings

In[27]:= guu i,Jj ,9dd i,j , ddd a,b,c , udd a, b,c ,
guu i, J ,9dd i,j , ddd a, b,c , udd a, b, c ToFlavor red ,
guu i, J ,9dd i,j , ddd a, b,c , udd a, b, c ToFlavor green Flatten;
ClearTensorValues %;
In[29]:= ClearTensorShortcuts x ,1, g ,2
In[30]:= DeclareBaselndices oldindices

ClearlIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors, up , down , up r, down r, up g, down g
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CalculateRiemannd

t CalculateRiemannd 8, g, d, G«, flavor: Identity, simplifyroutine : Identity will calculate the down
version of the Riemann tensor and return it as an array.

X, d,gand are the symbols for the coordinates, the Kronecker, the metric tensor and Christoffel connections. X, gand  must
have defined shortcuts and g and musthave been given tensor values or rules.

The optional index flavor is the flavor used in the g and  tensors. The optional argument simplifyroutine specifies the simplify
routine to be applied to each independent element.

Only the independent elements are separately calculated and the entire array is assembled from them. Hence this will be
considerable faster than generating the components from a definitional formula.

The signs of elements obtained depends on the sign used for the line element and the metric matrix. The usual practice is to use the
spacelike convention where the space elements are positive and the time element is negative. Changing the sign of g changes the
sign of various objects depending on how many times g appears in the definition. Down Christoffel symbols are changed but up
Christoffel symbols are not. Down Riemann elements are changed but up Riemann elements are not.

See also: CalculateRRRG, SetTensorValues, SetTensorValuesRules, SelectedTensorRules.

Example

In[1]:= Needs "TensorCalculus4 Tensorial™
Save the settings and declare base indices and flavors.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;

The following calculation is from Appendix B in the Hartle Gravitation book.

In[5]:= varnames t,r, , ;
DeclareBaselndices varnames
DeclarelndexFlavor red, Red
labs x, ,g9, ;
DefineTensorShortcuts x,e ,1, g, , 2, ,3, R,4

We will calculate the Riemann tensor for the Friedmann-Robertson-Walker geometry. The metric for proper distances
is...

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

In[10]:= SetAttributes k, Constant ;

diagmetric 1,a t? ,r2 1,Sin 2 Flatten;

1 kr2
cmetric DiagonalMatrix diagmetric MatrixForm
metric % CoordinatesToTensors varnames ;
MapThread SetTensorValueRules #1, #2 &,

gdd a, b ,guu a, b , metric, Inverse metric ;

Out[12]//MatrixForm=
10 0 0
t2
0 ffi 0 0
0O O rrat? o
0O O 0 r2a t 2Sin 2

Next, calculate and set the Christoffel symbols.

In[15]:= down , up CalculateChristoffels labs ;
MapThread SetTensorValueRules #1, #2 &,
ddd a, b,c , udd a, b, c , down , up ;

SelectedTensorRules , udd _, j_, k_ ;OrderedQ j, k
UseCoordinates varnames TableForm

Out[17]//TableForm=

t atat
rr 1 kr2

t rrfat a t
t rrat Sin %a t

r a t

rt at
r kr
rr lkl’2
r r 1 kr?
r r 1 kr?2 Sin 2
a t
t at
1
r r
Cos Sin
a t
t at
1
r r
Cot

We can then calculate the down form of the Riemann matrix.

In[18]:= riemannd CalculateRiemannd labs ;
SetTensorValueRules Rdddd , , , , riemannd
SelectedTensorRules R, Rdddd a , b ,c ,d_ ;

OrderedQ a, b OrderedQ c, d OrderedQ a,b, c,d

UseCoordinates varnames Simplify TableForm
Out[20]//TableForm=

Re t rrata t
Re t rZa t Sin Za t

Tt T
thrt @ 1ir2

2 t2 k t 2
Re e TS
R rla t 2sin 2 ka t?
r r 1 kr2
R r‘at?sin 2 k a t?
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Hartle presents the results in terms of an orthonormal basis aligned with the coordinate basis. We first calculate the
basis by using the inverse square roots of diagonal elements of the metric.

In[21]:= diagmetric 1,1,1,1
Simplify % *? PowerExpand;
basismatrix DiagonalMatrix %
SetTensorValueRules ed red

NonzeroValueRules e

, basismatrix

at?
1 kr2”’

out[21]= 1, r2a t?,r2a t 2Sin 2

Out[25]//TableForm=
e 1,0,0,0

0, ler,0,0

at
0,0, ' ,o0

rat

O, O, O, Csc

rat

€r
e

e

UseCoordinates varnames

CoordinatesToTensors varnames, X

We carry out the coordinate transformation by pre and post multiplying by
transpose the levels of the Riemann array when carrying out some of the matrix multiplications because Mathematica

contracts the last level with the first level when multiplying arrays.

TableForm

transformation matrices. We have to

In[26]:= basismatrix;
Transpose .riemannd. ;
Transpose -Transpose %, 2,1,4,3 . Simplify;
onriemannd Transpose %, 2,1, 4,3 ;
SetTensorValueRules Rdddd , , , ToFlavor red , onriemannd
SelectedTensorRules R, Rdddd a_, b_,c_,d_ ;OrderedQ a,b
OrderedQ c, d OrderedQ a,b, c,d Head a red
UseCoordinates varnames Simplify TableForm
Out[31]//TableForm=
Rt N a tt
t
Re ¢ aa t
th rt aa tt
2
RI" r kaattZ
2
Rr - kaattz
ka t?2
R aat 2
Restore the original state...
In[32]:= gdd a,b ,guua,b , ddd a, b,c , udd a, b, c ,
Rdddd a, b, ¢, d , Rdddd a, b, c, d ToFlavor red ;
ClearTensorValues %;
In[34]:= ClearTensorShortcuts X,e , 1, g, , 2, ,3, R,4
In[35]:= DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;

Clear oldindices, oldflavors, labs, varnames, metric,

, down , up , riemannd
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CalculateRRRG

t CalculateRRRG g, riemanndown, flavor : Identity, simplifyroutine : Identity will calculate Ruddd, Rdd, R
and Gdd, the up version of the Riemann tensor, the Ricci tensor, the scalar curvature and the Einstein tensor.

g is the label for the metric matrix which must be defined.

The optional index flavor is the flavor used in the g. The optional argument simplifyroutine specifies the simplify routine to be
applied to each independent element.

The tensors are returned as arrays in a list in the order: riemann, ricci, scalar, einstein}.
See the note in CalculateRiemannd for conventions on the signs of curvature tensors.

See also: CalculateRiemannd, SetTensorValues, SetRicciContraction.

Example - Friedman-Robertson-Walker Geometry

In[1]:= Needs "TensorCalculus4 Tensorial™
Save the settings and declare base indices and flavors.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
CleariIndexFlavor oldflavors;

We extend the calculation for the Friedman-Robertson-Walker geometry from Appendix B in the Hartle Gravitation
book.

In[5]:= varnames t,r, , ;
DeclareBaselndices varnames
DeclarelndexFlavor red, Red
labs X, ,0, >
DefineTensorShortcuts x,e ,1, g, ,R,G,L,2, ,3, R,4

The metric for proper distances is...

In[10]:= SetAttributes k, Constant ;
: - 2 1 2 - 2
diagmetric l,at , r< 1, Sin Flatten;
1 kr2
cmetric DiagonalMatrix diagmetric MatrixForm
metric % CoordinatesToTensors varnames ;

MapThread SetTensorValueRules #1, #2 &,

gdd a, b ,guu a, b , metric, Inverse metric ;
Out[12]//MatrixForm=
1 0 0 0
2
Mo 0
0 O rla(tj> o
0 o0 0 r2a[t]?sin[ ]2

Next, calculate and set the Christoffel symbols.
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In[15]:= down , up CalculateChristoffels labs ;
MapThread SetTensorValueRules #1, #2 &,
ddd a, b,c , udd a, b,c , down , up ;

SelectedTensorRules , udd _, j_, k_ ;OrderedQ j, k

UseCoordinates varnames TableForm
Out[17]//TableForm=
t a[t] a [t]
rr 1 kr2
t rla(t] a [t]
t rZaft] Sin[ 1%a [t]
r a [t]
rt alt]
r kr
rr 1 kr2
r ri1a kr?
r r (1 kr2)Sin[ 12
a[t]
t alt]
1
r r
Cos[ ] Sin[ ]
a [t]
t alt]
1
r r
Cot] ]

We can then calculate the down form of the Riemann matrix.

In[18]:= riemannd CalculateRiemannd labs ;
SetTensorValueRules Rdddd , , , , riemannd
SelectedTensorRules R, Rdddd a , b _,c , d ;

OrderedQ a, b OrderedQ c, d O_rderedQ a,b, c,d
UseCoordinates varnames Simplify TableForm

Out[20]//TableForm=
Re ¢+ r?at]a [t]
Re + r2a[t]Sinf[ j%a [t]

R ajtja [t]
rtrt 1 kr2
R r2a[t]2 (k a [t]2)
r r 1kr2
R r2a[t)2sin[ 12 (k a [t]2)
rr 1kr2
R rfa(t)?2sin 12 (k a[t]?)

We calculate the other curvature tensors from the down Riemann array using CalculateRRRG. The calculation of the

Ricci tensor depends upon which index of Riemann is used for contraction. The default is the first and third. It can be
set to the first and fourth index by using...

In[21]:= SetRicciContraction 4
out[21]= 4

In[22]:= riemann, ricci4, scalarcurvature, einstein
CalculateRRRG g, riemannd, lIdentity, Simplify #, Trig False & ;

But in this case we want to use the third index, which is the default setting. Recalculating...
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In[23]:= SetRicciContraction 3
riemann, ricci, scalarcurvature, einstein
CalculateRRRG g, riemannd, lIdentity, Simplify #, Trig False & ;

out[23]= 3

The two Ricci tensors will have opposite signs.

In[25]:= ricci4 ricci Simplify

out[25]= True

Setting and looking at the up Riemann elements we obtain...

In[26]:= SetTensorValueRules Ruddd , , , , riemann
SelectedTensorRules R, Ruddd a , b ,c ,d_ ;OrderedQ c,d

UseCoordinates varnames Simplify TableForm

Out[27]//TableForm=

REpe 28240

Rt . rZa(t] a [t

Rt ¢ r2a(t] Sin[ 1%a [t]

thrt aa[[tt]]

R" rz (k a[t]?)

R" r2sin[ 1% (k a [t]?)

R te aa[[tt]]

Roer 4307

R r2sin[ 1% (k a [t]?)

Rt i

Rer %800

R r2 (k a[t]?

Setting and looking at the Ricci elements we obtain...

In[28]:= SetTensorValueRules Rdd , , ricci
SelectedTensorRules R, Rdd a_, b ; OrderedQ a, b

UseCoordinates varnames Simplify TableForm
Out[29]//TableForm=
R 3a [t]
tt a[t)

R 2k 2a [t]2 a[t] a [t]
rr 1 kr2
R r2 (2 (k aj[t)?) aftja [t])

R r2sinf 12 (2 (k a[t]?) a[t]a [t])
The scalar curvature is...

In[30]:= scalarcurvature UseCoordinates varnames

6 (k a[t]? a[t]a [t])

out[30]= ait)?

Setting and looking at the Einstein tensor elements we obtain...
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In[31]:= SetTensorValueRules Gdd , , einstein
SelectedTensorRules G, Gdd a , b ; OrderedQ a, b

UseCoordinates varnames Simplify TableForm
Out[32]//TableForm=
3 (k a[t]?)
Gtt a[at]z
G k a [t]? 2a[t]a [t]
rr 1 kr2
G r2 (k af[t]? 2a[t]a [t])
G r2sSin[ 12 (k a[t]® 2aft]a [t])

Hartle presents the results in terms of an orthonormal basis aligned with the coordinate basis. We use OrthonormalBasis
to calculate the transformation matrix. We can ignore the warning messsage.

In[33]:= OrthonormalTransformation cmetric,
1,1,1,1 , Simplify #, r 0 a t 0 O & ;
Lmatrix %  PowerExpand
%  CoordinatesToTensors varnames ;
SetTensorValues Lud a, red ., %

OrthonormalTransformation: :signs :

1
Sign[l kr2)]
{ 1,1, 1, 1} or are undetermined. Permutation matrix omitted for general case.

Warning, signs of eigenvalues { 1, , 1, 1} do not match signature

VI ke
at]

1

out[34]= {{1, 0, 0, O}, {O, raft]

. 0.0}, {0, 0, .0}, {0, 0,0, Csc[t]} 1

raf
The following gives the orthonormal basis in terms of the coordinate basis.

In[37]:= ed red Lud a, red ed a
%  ToArrayValues PowerExpand UseCoordinates varnames

Out[37]= e e, L?

_ V1 kr2 e, e Cscl Je
out[38]= [e, e, e, art) ' e ® ra[t] }

Calculating the orthonormal components of the Riemann tensor using array multiplication...

In[39]:= criemannd riemannd UseCoordinates varnames ;
Lmatrix.Lmatrix.criemannd.Lmatrix.Lmatrix;

SetTensorValueRules Rdddd , , , ToFlavor red , %
SelectedTensorRules R, Rdddd a , b ,c ,d_ ;Head a red
OrderedQ a, b OrderedQ c, d OrderedQ a,b, c,d
UseCoordinates varnames Simplify TableForm
Out[42]//TableForm=
R a [t]
Tt t a[t)]
t
Rt t aa[[t]]
Roere 30
k a[t)?
RI" r a[t]Z
k a[t)?
RI" r a[t]Z
k a[t)?
R a[t]?

Calculating the orthonormal components of the Ricci tensor by array multiplication...
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In[43]:= onricci Lmatrix.ricci.Lmatrix Simplify;

SetTensorValueRules Rdd , ToFlavor red , onricci
SelectedTensorRules R, Rdd a_, b_  ; OrderedQ a, b Head a red
UseCoordinates varnames Simplify TableForm
Out[45]//TableForm=
3a [t]
Rtt a[t]
R 2k 2a [t]?2 a[t]a [t]
rr a[t]Z
R 2 (k a [t]2) a[t]a [t]
a[t)?
R 2 (k a [t]?) a[t]a [t]
a[t)?

Calculating the orthonormal components of the Einstein tensor by array multiplication...

In[46]:= oneinstein Lmatrix.einstein.Lmatrix Simplify;

SetTensorValueRules Gdd , ToFlavor red , oneinstein
SelectedTensorRules G, Gdd a , b ; OrderedQ a, b Head a red
UseCoordinates varnames Simplify TableForm
Out[48]//TableForm=
3 (k a [t]?)
Gtt a[t]Z
G k a [t]2 2a[t] a [t]
rr a[t]Z
G k a [t]2 2a[t] a [t]
a[t]?
G k a [t]2 2a[t] a [t]
a[t]?

Restore the original state...

In[49]:=
gdd i, J ,9uu i, j ,Rdddd i, j, k, I , Rdddd red i,j,. k, I,
Gdd red i, j , Rdd red i,j , ddd i, j,k , udd i, j, k
ClearTensorValues % Evaluate
Out[49]= {gij’ g't, Rijki» Rijkis Gijs Rijs ijk» ijk}
In[51]:= ClearTensorShortcuts X,e , 1, g, -R,G,L ,2, ,3, R, 4
In[52]:= DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
In[55]:= Clear oldindices, oldflavors, labs, varnames, metric, , down , up ,

Lmatrix, metric, cmetric, riemannd, criemannd, onricci, oneinstein
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CalculateWeyldown

t CalculateWeyldown [metric, riemannd, ricci, Rscalar, simplifyroutine : Identity] will calculate the all
down Weyl conformal tensor..

riemannd is the all down riemann array. (Obtained with CalculateRiemannd)

ricci is the all down ricci array and Rscalar is the curvature scalar. (Obtained with CalculateRRRG)
The optional argument simplifyroutine specifies the simplify routine to be applied to the result.
The Weyl tensor can be nonzero only for a space of 4 or greater dimensions.

See the note in Cal culateRiemannd for conventions on the signs of curvature tensors.

See also: CalculateRiemannd, CalculateRRRG.

Example - The Brinkmann Metric

The Brinkmann metric describes plane gravitational waves.

In[1]:= Needs "TensorCalculus4~Tensorial

Save the settings and declare base indices and flavors.

oldindices CompleteBaselndices;

In[2]:

DefineTensorShortcuts x ,1, g9,6,R,zero ,2, T ,3, R,W,4
DeclareZeroTensor zero
labs= x, 6,09, T ;

In[3]:

Setting the base indices and metric.
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In[6]:= vars= U, V, X, VY ;
DeclareBaselndices vars
simplifyroutine = Simplify;

Hu,x,y 1 0 O

cmetric = 1 0 0 0 MatrixForm
- 0 0 -1 0
0 0O 0 -1
metric = cmetric CoordinatesToTensors MatrixForm

MapThread SetTensorValues #1, #2 &,
gdd a, b ,guu a, b , metric, simplifyroutineelnverseemetric ;

Out[9]//MatrixForm=
Hu, X,V

0
1 0

O O O

1
0
0 0 1
0 0
Out[10]//MatrixForm=
H x4, x*, x¥ 1
1 0
0 0 1
0 0
Calculate the Christoffel symbols.

In[12]:= MapThread SetTensorValues #1, #2 &, 1rddd a, b, c , rudd a, b,c ,
CalculateChristoffels labs, ldentity, simplifyroutine ;

Calculate the Riemann tensor.
In[13]:= riemannd = CalculateRiemannd labs, ldentity, simplifyroutine ;
Calculate the up Riemann, Ricci, Rscalar, and Einstein tensors.

In[14]:= riemannu, ricci, Rscalar, einstein =
CalculateRRRG g, riemannd, ldentity, simplifyroutine ;

Calculate the Weyl tensor.

In[15]:= weyldown = CalculateWeyldown metric, riemannd, ricci, Rscalar, simplifyroutine ;
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In[16]:= SetTensorValueRules Wdddd a, b, ¢, d , weyldown ;
NonzeroValueRules W UseCoordinates TableForm
Out[17]//TableForm=
Wyxux 5 H%%2 u,x,y H®20 u,x,y
Waxay 3 HOLL u x,y
Woxxy 4 H%%2 u,x,y HO®20 y,x,y
Waxyy LHOLL u x,y
Wayux 5 HOLD ux.y
Wyyuy 5 HO%2 wu,x,y H®20 u,x,y
Wiyxy  2HOMT U X,y
Wyyyu 5 H®%2 u,x,y HO®20 u,x,y
Wyyux 5 H%%2 u,x,y H®20 u,x,y
Weuy  FHOMT Ux,y
Wyuxu 5 H®%2 u,x,y HO®20 u ,x,y
Weuya 5 HOLD ux.y
Wyuux LHOLD U x,y
Wyyuy 5 H%%2 u,x,y HO%20 y, x,y
Wyurw  BHOML uix,y
Wyyyy 5 H%%2 u,x,y H®20 u,x,y

An identity for the Weyl tensor is that the contraction on the 2nd and 4th slots is zero.

In[18]:

out[18]
Out[19]

out[20]

In[21]:

Out[21]

In[23]:

In[24]:

In[25]:

guu b, d Wdddd a, d, c, b =zerodd a, c

% MetricSimplify g

ToArrayValues @ %% Simplify

bd
g Wadcb Zero, ¢
d
Wade Zero, .

True

gdd i,j ,guu i, j ,rddd i, j,k ,rudd i, j, k ,Wdddd a, b, c, d

ClearTensorValues % Evaluate
Jij» g't, ijke Ijk’ Wapcd
ClearTensorShortcuts X , 1,

DeclareBaselndicesee oldindices

g, 6, R, zero , 2 ,

Clear oldindices, labs, vars, metric,

cmetric, riemannd, riemannu, ricci, Rscalar, einstein
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CanonicalUpDowns

t CanonicalUpDowns [term] will perform UpDownSwaps on dummy indices to put the ups in the lowest
Mathematica position.

CanonicalUpDowns is primarily used internally but is provided to the user as a convenience.

See also: UpDownAd just.

Examples

In[1]:= Needs "TensorCalculus4~Tensorial

In[2]:= DefineTensorShortcuts x,p ,1, R, T ,2, R,4
labs99= x, 6,09, T ;

Some examples of using CanonicalUpDowns...

In[4]:= testcase= pd a Tud a, b ,
2qRdd a, b Ruudd a, b, c,d , pd a PartialD 1abs99 pua ,xu b ;
Thread testcase CanonicalUpDowns testcase TableForm

Out[5]//TableForm=
PaT? P?Tap
2qRabRabcd 2qRab Rabcd

Pa o P 2
In[6]:= ClearTensorShortcuts x,p ,1, R,T,2, R,4

In[7]:= Clear testcase, labs99
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CircleEvalRule

t CircleEvalRule evaluates direct products using CircleTimes on sets of arguments.

CircleEvalRule is used by EvaluateSlots
It performs transformations suchasHvl v2 v3 v4L@wl, , w3,D v2 v4v1.wlv3.w3.

The CircleTimes expression may be replaced by a single Tensor, but it can't be replaced by a single symbol because then the rule
might apply where it is not wanted. Instead, use CircleTimes@symbolD.

See also: EvaluateSlots, LinearBreakout, BasisDotProductRules, PushOnto.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial'"
DefineTensorShortcuts u, v, x, vy, g , 1

The following is the simplest example. Here the head is a tensor.

In[3]:= gd i gu j
% . CircleEvalRule

out[3]= g;Aq’E
out[41= g;.g¢'

In the following the round parentheses are necessary. This is a complete evaluation to a scalar.

InN[5]:= u v w x,vy, 2z
% . CircleEvalRule

Out[5]= Hu v wL@x, Yy, zD

Out[6]= u.Xv.yw.z
Null slots are not evaluated so the following returns a second order tensor.

Inf71:= u v w , , z
% . CircleEvalRule

Out[7]= Hu v wL@Null, Null, zD

Out[8]= U vw.z
The following will not evaluate because it is too common an expression.

In[9]:= z

v
% . CircleEvalRule
out[9]= v@zD

out[10]= v@zD
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It can instead be entered this way...

In[11]:= CircleTimes v z
% . CircleEvalRule

out[11]= H vL@zD

out[12]= v.z

CircleEvalRule does not do any further evaluation. EvaluateSlots fully evaluates.
In[13]:= u v x, ¥y

$ . u udigui,v vdigui,x xujgdj,y yuijgdij
% . CircleEvalRule

Out[13]= Hu vL@x, yD

out[14]= HHg' u;L Hg' v;LLAg; X!, g; YIE

out[15]= Hg' u;L.1g; XM Hg' v;L. 1g; yIM

In[16]:

u v x,y
$ . u udigui,v vdjguj,x xumgdm,y yun gdn
% EvaluateSlots g,

Out[16]= Hu vL@x, yD
out[17]= IHg' u;L 1g' v;MM@g, X", g, y"D
out[18]= u, Vv, X"y"

In[19]:= ClearTensorShortcuts u, v, x,y, g , 1
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CircleTimes

t CircleTimes is used to form tensor products.

Times can't be used for tensor products because it is unordered.

CircleTimes can be entered from the BasicTypesetting palette, or from the CompleteCharacters palette under Operators\-
General. It can also be entered as esc c* esc, or as \[CircleTimes ] without the space.

See also: EvaluateSlots, LinearBreakout, BasisDotProductRules, PushOnto.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™
Let u and v be two vectors. Then a tensor dyad is formed by...

In[2]:= u Vv

Out[2]= u v
Tensor products can be evaluated on a list of arguments

In[3]:= (U v Ww)[X,Y, Z]
% /. CircleEvalRule

Out[3]= Hu v wL@x, Yy, zD

Oout[4]= U.XV.yw.z
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Clear IndexFlavor

t ClearIndexFlavor [ flavorname ... ] will delete the index flavors from the IndexFlavors list and clear the
associated Format statements.
t ClearIndexFlavor [ { flavorname, flavorforms<...]can also be used.

t ClearIndexFlavor [ { { flavorname, flavorform< ...<]can also be used to clear the existing
IndexFlavors.

See ToFlavor for examples of using flavored indices.

See also: IndexFlavors, DeclarelndexFlavor, DeclareBaselndices, ToFlavor, IndexFlavorQ.

Examples

In[1]:= Needs["TensorCalculus4~Tensorial "]
The following gives the current set of of index flavors.

In[2]:= oldflavors = IndexFlavors;
CleariIndexFlavor[oldflavors];

This declares new index flavors.

In[4]:= DeclarelndexFlavor[ red, Red , rocket, SuperStar ;
IndexFlavors StandardForm

Out[5]//StandardForm=
{{red, RGBColor[1, O, 0] , rocket, SuperStar

Flavored indices are then displayed with the designated forms.

In[6]:= Tensor x, red i , Void , Tensor x, rocket i , Void
out[e]= x', x}

This clears the index flavors...

In[7]:= ClearlIndexFlavor IndexFlavors ;
IndexFlavors

out[8]=

The flavors are no longer recognized.

In[9]:= Tensor x, red i , Void , Tensor x, rocket i , Void
Out[9]= {Xred[i] s Xrocket[i]}

This resets to the original flavors.

In[10]:= DeclarelndexFlavor oldflavors;
Clear oldflavors
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ClearTensorShortcuts

t ClearTensorShortcuts[label, order]will clear all tensor shortcuts established by
DefineTensorShortcute|label, order].
t ClearTensorShortcuts[8u, v, w, ..< order] will clear a series of tensor shortcuts of the same order.

t ClearTensorShortcuts[8u, v, w, ..., order<..] will clear a number of tensors of different orders.

See also: DefineTensorShortcuts, ClearTensorValues, SetTensorValueRules, SetTensorValues.

Examples

In[1]:= Needs["TensorCalculus4~Tensorial "]
This defines all the shortcuts for a second order tensor R.
In[2]:= DefineTensorShortcuts[R, 2]

In[3]1:= #[i, J]& Ruu, Rud, Rdu, Rdd
out[3]= (R, R';, RiJ, Ry}

The definitions are stored under the shortcut names.

In[4]:= Information Ruu, Rud, Rdu, Rdd ;
Global "Ruu
Ruuful_, u2_] : Ruluz
Global "Rud
Rud[u3_, d1_] : Rw,
Global “Rdu
Rdu[d2_, u4_] = Ry
Global “Rdd
RAd[d3_, d4_] : Ryzqa

This clears the definitions.
In[5]:= ClearTensorShortcuts R, 2

In[6]:= # i,J & Ruu, Rud, Rdu, Rdd

out[6]= 8Ruu@i, jD, Rud@i, jD, Rdu@i, jD, Rdd@i, jD<

In[7]:= Information Ruu, Rud, Rdu, Rdd ;
Global "Ruu
Global "Rud
Global "Rdu
Global “Rdd
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ClearTensorValues
t ClearTensorValues [Tensorflabel, upindices, downindicesi) will clear any component value definitions

of the tensor from UpValues [ label ] and remove any substitution rules from
TensorValueRules[label].

t ClearTensorValues[TensorflabellD will clear any values and rules for a scalar tensor.

t ClearTensorValues [8tensorl, tensor2 ...<D will clear a number of tensor values or rules.

Definitions or rules that are based on the same label but with a different index forms or structures will not be removed.
The tensors may be entered in shortcut form.

See also: SetTensorValueRules, SetTensorValues, Tensor, UseCoordinates.

Examples

In[1]:= Needs["TensorCalculus4~Tensorial "]

Save the settings and declare base indices and flavors.

oldindices = CompleteBaselndices;
oldflavors = IndexFlavors;
CleariIndexFlavor oldflavors;
DeclareBaselndices 1,2, 3
DeclarelndexFlavor red, Red

In[2]:

In[7]:= DefineTensorShortcuts T, 1
This creates tensor values in the red frame and a value for a scalar tensor

In[8]:= Clear T, ;

SetTensorValues Tu i ToFlavor red , 1,2, 3
SetTensorValues Tensor , 12

UpValues T

UpValues

out[11]= {HoldPattern[T!] 1, HoldPattern[T?] 2, HoldPattern[T®] 3<

out[12]= 8HoldPattern@ D t%<

This creates values for T in the plain frame. (We have simply picked arbitrary values for the components.) The plain
definitions have been added to the red definitions.

In[13]:= SetTensorValues Tui , 4,5, 6
UpValues T

out[14]= 8HoldPattern@T'D 4, HoldPattern@T?D 5, HoldPattern@T3D 6,
HoldPattern@TD 1, HoldPattern@T?D 2, HoldPattern@T®D 3<

Now, we clear the red definitions...
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In[15]:= ClearTensorValues[Tu[i] ToFlavor red
UpValues T

out[16]= {HoldPattern[T!] 4, HoldPattern[T?] 5, HoldPattern[T®] 6<

...and then the plain definitions...

In[17]:= ClearTensorValues Tu 1
UpValues T

out[18]= 8<
...and the scalar tensor value.

In[19]:= ClearTensorValues Tensor
UpValues

out[20]= 8<
We can follow the same procedure with value substitution rules. This creates all the substitution rules.

In[21]:= SetTensorValueRules Tu i , 4,5, 6
SetTensorValueRules Tu i ToFlavor red , 1, 2,3
SetTensorValueRules Tensor , 2
TensorValueRules T,

out[24]= 8T 4,712 5,T¢ 6, T 1,T?2 2,T® 3, t’<

Now, we clear the red rules...

In[25]:= ClearTensorValues Tu i ToFlavor red
TensorValueRules T,

out[26]= 8T 4,T?2 5,T® 6, t?<
...and the plain rules...

In[27]:= ClearTensorValues Tu 1
TensorValueRules T,

out[28]= 8 t%<
...and the scalar tensor.

In[29]:= ClearTensorValues Tensor
TensorValueRules T,

Out[30]= 8<
Set them all again.

In[31]:= SetTensorValueRules Tu i , 4,5, 6
SetTensorValueRules Tu i ToFlavor red , 1, 2,3
SetTensorValueRules Tensor , 12
TensorValueRules T,

out[34]= 8T 4,712 5, T® 6, T 1,T?2 2,T° 3, t’<

This clears them all at once.
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In[35]:= ClearTensorValues[ Tensor ,Tui ,Tured i
TensorValueRules T,

out[36]= {<
In[37]:= ClearTensorShortcuts T, 1
Restore the original state...

In[38]:= DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors
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CompleteBaselndices

t CompleteBaselndices gives the current set of all base indices including those associated with various
flavors.

CompleteBaselndices are set by DeclareBaseIndices.

Ifyou save oldindicies = CompleteBaselndices, then you can reestablish the base indices by
DeclareBaselndices @@ oldindices.

On loading, Tensorial automatically initializes the base indices to {1, 2, 3} and the CompleteBaselndices are
{{1, 2, 33}.

Base indices are not in themselves flavored, but flavors may be added to them.

See also: Baselndices, DeclareBaselndices, NDim, Base IndexQ.

Examples

In[1]:= Needs['"TensorCalculus4 Tensorial™]

In[2]:= oldflavors = IndexFlavors;
DeclarelndexFlavor[ red, Red

The following gives the current set of base indices...
n[4]:= oldindices = CompleteBaselndices
out[4]= ({1, 2, 3}}

The base indices can be changed with

In[5]:= DeclareBaselndices t, Xx,y,z , red, A,B
CompleteBaselndices

out(6]= {{t, X, Yy, z}, {red, {A, B}}}
This resets to the old indices.

In[7]:= DeclareBaselndices oldindices;
DeclarelndexFlavor oldflavors;
CompleteBaselndices
Clear oldindices, oldflavors

out[9]= {{1, 2, 3}}
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ConstructDirectProduct

t ConstructDirectProductexpr] will convert a direct product of tensor slot expressions to an
expression with a single set of slots.

The direct product is constructed using CircleTimes.

See also: EvaluateSlots, CircleEvalRule.

Examples

In[1]:= Needs["TensorCalculus4~Tensorial ]
The following is a simple construction of a direct product.

In[2]:= S[w, X] TIlYy, z]
% ConstructDirectProduct

out[2]= S[w, x] Tly, Z]

Out[3]= (S T)[w, X, Y, Z]

In the following, the direct product is constructed from two dyads and then evaluated.
In[4]1:= (a b)[w, x] (c d)[y. z]

% // ConstructDirectProduct
% /. CircleEvalRule

out[4]= (a b)[w, x] (c d)[y, z]

out[5]= (a b c d)[w, X, VY, Z]

out[6]= a.wb.xc.yd.z

In[7]:= DefineTensorShortcuts[{{u, v, X, Y, €}, 1}, {g, 2}]

The following is constructed from two 1-forms on vectors and then evaluated.

In[8]:= (ud[m] eu[m]) [xu[i] ed[i]] (vd[n]eu[n])[yu[j]ed[j]]
% // ConstructDirectProduct

% // EvaluateSlots[e, g]
% // EinsteinSum[] // Factor

out[8]= (e"uy) [&; x'] (e"vy,) [e; Y]

out[9]= ((e"uy) (e"v,)) [e; X', &5y ]

out[10]= u; v; x' yJ

Out[11]= (U X U, X2 uzx®) (viyr Vo y? vyy®)

This does the expansion before the direct product is constructed.
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In[12]:= (ud[m] eu[m]) [xu[i] ed[i]] (vd[n] eu[n])[yu[j]ed[j]]
% /. a_b_  EinsteinSum[][ab]
% // ConstructDirectProduct
% // EvaluateSlots[e, g] // Factor

out[12]= (e"u,) [e; x'] (e"v,) [e; V]
out[13]= (elu; e?u, eduz) (e xt e, x? ezx3] (etv; e?v, e3vy) (e vyt e y? eyyd)
out[14]1= ((e'u;) (elvy) (eluy) (e%vy) (etuy) (e3vy) (ePup) (etvy) (ePuy) (€7 V)
(e%up) (e3vy) (e3ug) (elvy) (e3uy) (e?vy) (euy) (ePvy)) |
erxt ey x® e3x®, eyt ey’ esyl

out[15]= (U X' Uz x* uzx®) (viyh Vo ¥? vay?)

In[16]:= ClearTensorShortcuts[{{u, Vv, X, Yy, €}, 1}, {0, 2}]
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ContractArray
t ContractArray [tarray, 8levl, lev2<...] will contract the indicated pairs of level numbers in the tensor

array tarray

The purpose of ContractArray is to perform contractions on the full matrix or array forms of tensors. It can be used in conjunction
with the dot mode commands in the Arrays Section. Generally it is easier to use tensor index mode methods.

When tensors are expanded to arrays in Tensorial, the levels are always determined by the sort order of the raw indices, with the
lowest sort order index at the highest level.

See also: DotTensorFactors, ExpandDotArray, DotOperate, SumExpansion, ToArrayValues, Array-
Expansion, EinsteinSum.

Examples

See also the second Example, Arrays & Tensors.
In[1]:= Needs["TensorCalculus4~Tensorial ™"']
Save the old settings.

In[2]:= oldindices = CompleteBaselndices;
DeclareBaselndices[ 1, 2, 3

In[4]:= DefineTensorShortcuts T, 3

The normal way to contract a tensor is to repeat an index in an up and down position. The following contracts the first
and third slots of the tensor T.

In[5]:= Tuud i, j, i

% EinsteinSum

%  EinsteinArray MatrixForm
out[s]= T'J;

OUt[G]: le 1 T2j 2 T3j 3

Out[7]//MatrixForm=
Tlll T212 '|'313
T121 T222 '|'323
T131 T232 T333

Sometimes, you may wish to contract an array after it has been expanded to a Mathematica array. ContractArray can
then be used. The following contracts the first and third levels of T.
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In[8]:= Tuud[i, j, K]

% // EinsteinArray[]

ContractArray[%,
out[gs]= T4,

Out[9]=

Out[10]//MatrixForm=
Tlll T212 T313
T121 '|'222 '|'323

T131 T232 T333
Restore settings.
In[11]:=

In[12]:= DeclareBaselndices

Clear oldindices

1,3

(T, T, Ty,
({121, T21,, 121,3,
({T31,, T31,, T31,),

MatrixForm

{T121,T122,T123}, {Tl31,T132,T133}}’
{T221,T222,T223}, {T231,T232,T233}},
(1324, T32,, T325), (T3%,, T°%,, T°%3)))

ClearTensorShortcuts T, 3

oldindices
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CoordinatesToTensors

t CoordinateToTensors@sr, ¢, F..<, coord : x, flavor : IdentityD@exprD

t CoordinateToTensors@coord : x, flavor : IdentityD@exprD

UseCoordinates DeclareBaselndices SetMetricValues SetChristoffelValues

Examples

In[1]:=

Needs ""TensorCalculus4~Tensorial™

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclareBaselndices 1, 2, 3
DeclarelndexFlavor red, Red ;

In[7]:= DefineTensorShortcuts X,y ,1, g.,2, , 3

CoordinatesToTensors UseCoordinates

In[8]:= Xu i
% EinsteinArray
% UseCoordinates X, Yy, Z
% CoordinatesToTensors X, Y, Z

out[8]= xi

out[9]= 8x%t, X%, x3<

out[10]= 8X, Yy, z<

out[11]= 8x!, x?, x3<
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In[12]:= yu i ToFlavor red
%  EinsteinArray
% UseCoordinates x,y, z , Y, red
% CoordinatesToTensors X,y, z ,Y, red

out[12]= y*

out[13]= 8y', y*, y°<
out[14]= 8x, Yy, z<
out[15]= 8y', y*, y°<

CoordinatesToTensors
! " # $

In[16]:= SetAttributes M, Constant
DeclareBaselndices t, r, ,
cmetric DiagonalMatrix 1 2M r ,1 1 2M r ,r?, r2sSin

2M 1

out[18]= 99 1 r o 0, 0, 0=, 90, o, 0=, 80, 0, r?, 0<, 80, 0, 0, r?Sin@ D?<=

2m
r

$ % &
&
In[19]:= metric cmetric CoordinatesToTensors MatrixForm
MapThread SetTensorValueRules #1, #2 &,
gdd a, b ,guu a, b , metric, Inverse metric ;
Out[19]//MatrixForm=
= 2M
1 <5 0 0 0
0 ) 12rM 0 0
0 0 Hx'L? 0
0 0 0 Sin@x D” Hx"L? {
$ & " UseCoordinates
In[21]:= up, down CalculateChristoffels x, , g, , ldentity, Simplify ;
SetTensorValueRules wudd a, b, c , up
SelectedTensorRules , udd ,a , b ;OrderedQ a,b UseCoordinates
TableForm
Out[23]//TableForm=
t M
rt r2
r M
tt r2
r M
rr H2M rL2
r r
r r Sin@ D?
r r
7 r2sin@2 D
r rsSin@ D?
1 r2sin@2 D

2

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

CoordinatesToTensors

In[24]:

In[25]:

Out[25]

out[26]

In[27]:

out[27]=

out[28]=

In[29]:

In[30]:

In[31]:

In[35]:

DeclareBaselndices x,y, z , red, . s

X, Y, Z
% CoordinatesToTensors

8X, vy, z<

8xX, XY, x?<

% CoordinatesToTensors x, red

8, , <

8X , X , X<

ClearTensorShortcuts x,y ,1, g ,2
ClearTensorValues udd i, j, k , ddd i, j, k

DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors

Clear oldindices, oldflavors, up, down
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CovariantCommutator

t CovarianatCommutator@scl, c2<, R, dD@termD calculate the covariant commutator,
CovariantD[term, {c1,c2}] - CovariantD[term,{c2,c1}] and express the result in terms of the Riemann tensor
R. d is the dummy index that is introduced.

R is the label to be used for the Riemann tensor.
For flavored expressions the flavor must be on c1, c2 and d.

See also: CalculateRiemannd.

Example

In[1]:= Needs "TensorCalculus4 Tensorial™

oldflavors IndexFlavors;
DefineTensorShortcuts , 1, , 2, , 3
DeclarelndexFlavor red, Red

In[2]:

A down index gives a positive term.

In[5]:= d a
CovariantD Tensor % , b, c CovariantD Tensor % , c, b

CovariantCommutator b,c ,R,d %
Out[5]=

a

Out[6]= H aL;bc H aL;cb Rdabc d

An up index gives a negative term.

In[7]:= uU a
CovariantD Tensor % , b, c CovariantD Tensor % , c, b
CovariantCommutator b,c ,R,d %

out[7]= *¢

outl8]= H °L, . H°L_, R4,

There is a term for each index.

InN[9]:= wuu a, b
CovariantD Tensor % , b, c CovariantD Tensor % , c, b
CovariantCommutator c,d ,R,e %

ab

out[9]

OUt[lo]: H abl‘;bc H abL;cb Rbecd @ Raecd &b

A term can contain products of tensors.
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In[11]:= ua db
CovariantD Tensor % , b, c CovariantD Tensor % , c, b
CovariantCommutator c,d ,R,e %
Out[11]= °*
Oout[12]= H * bL;bc H bL;cb R ca © b Rpcq e
In[13]:= uud a, b, c
CovariantD %, d, e CovariantD %, e, d CovariantCommutator d,e ,R, f %
out[13]= 2°_
OUt[14]: abc;de abc;eo{ Rfcde abf Rbfde afc Rafde fbc

The expansion is only on up and down indices.

In[15]:= ua da
CovariantD Tensor % , b, c CovariantD Tensor % , c, b
CovariantCommutator b, c ,R,d %

out[15]= ?*

Out[16]= H = L., H* L., O

InN[17]:= ua udb,a
CovariantD Tensor % , b, c CovariantD Tensor % , c, b
CovariantCommutator c,d ,R,e %

out[17]= * *,

Out[18]= H @ baL;bc H @ baL;cb RP_.q % ©.

For flavored expressions the flavor must be on the covariant and dummy indices.

InN[19]:= ua udb,c ToFlavor red
CovariantD Tensor % , red b, red c

CovariantCommutator

out[19]= ° °_

out[20]= H * ® L H=* "L __ R .4 ° P, R°..4
A term with bad indices will abort the operation.
In[21]:= ua uda,a
% CovariantCommutator b, c , R, d

out[21]= °* 2,

CovariantCommutator::indices : The term ¢
Out[22]= $Aborted
Restore state.
In[23]:= ClearTensorShortcuts ,1, ,2, ,3
In[24]:= DeclarelndexFlavor oldflavors;

a

CovariantD Tensor % ,
red c,red d ,R, red e %

a

red c, red b

has bad indices 8a<.
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In[25]:= Clear oldflavors
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CovariantD

t CovariantD@expr, iD represents the covariant derivative of the tensor expression with respect to the index
i.

t CovariantD@expr, 8i, j, ...<D represents the covariant derivative of the expression with respect to the list of
indices.

Covariant derivatives undergo linear and Liebnizian expansion but are otherwise inert until ExpandCovariantD is used..

With multiple differentiation indices, the differentiations are done left to right in accordance with the usage in most texts. This
convention change was made to Tensorial in Nov 2006.

Covariant derivatives may only be expanded on tensors. They will not be expanded on expressions that contain base indices or
partial derivatives. Use ExpandCovar iantD on a symbolic tensor expression and then expand to base indices.

By default the covariant derivatives are prefixed by a single semicolon in the output display. The format can be changed using
SetDerivativeSymbols. The display can also be changed to a subscripted ““ symbol using SetCovariantDisplay.

The intended flavors must be on the indices in CovariantD.

See also: ExpandCovariantD, SetScalarSingleCovariantD, PartialD, AbsoluteD, TotalD, SetDerivative-
Symbols, SetCovariantDisplay.

Examples

In[1]:= Needs "TensorCalculus4~Tensorial

Save the settings.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
CleariIndexFlavor oldflavors;
DeclarelndexFlavor red, Red

In[6]:= DefineTensorShortcuts S, T,1, S, T ,2

Here is a tensor T and its covariant derivative with respect to index k. In the FullForm we see that CovariantD of a
single tensor is an inert expression. In the display it is prefixed with a semi-colon.

In[7]:= Td i
CovariantD %, k
% FullForm

Oout[7]= T;

OUt[8]= Ti;k

Out[9]//FullForm=
CovariantD@Tensor@T, List@VoidD, List@iDD, kD
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Multiple covariant derivative indices are preceded by a single semicolon in the default display. The differentiations are
performed from the left to the right. This appears to be the convention in most texts. Tensorial was modified in Nov
2006 to follow this convention. The b index will be differentiated first and then the c index.

In[10]:= CovariantD Td a , b, c
Out[10]= T,.p.
An alternative display mode is to use the ““ symbol.

In[11]:= SetCovariantDisplay "DelMode"
CovariantD Td a , b, c

Out[12]= T,

If we write this as a nested differentiation and use HoldOp to prevent the otherwise automatic unnesting, then we see
that the indices appear in reverse order in the display. But the b index is still done first and then the c index according to
composition.

In[13]:= CovariantD CovariantD Td a , b , c HoldOp CovariantD

Out[13] c bla

Normal linear and Liebnizian differentiation rules are applied.

In[14]:= Su i Tu i ,Suli Tu j
CovariantD #, k & %
out[14]= 9S' Ti, si =

out[15]= 9 kSi kTi 5 ij St kSi Tj:
Symbols and numeric quantities are not differentiated.

In[16]:= 2 aSu i Tu j
CovariantD %, k

out[16]= 2a ST}
out[17]= 2a | (TSt siTim

The flavor must be on the covariant index when differentiating flavored expressions.

2 a
In[18]:= 1 Sui Tu j ToFlavor red

CovariantD %, red k

2a SiT
Oout[18]= 1

2a 1 TSt SiTim
out[19]=

1

A higher order derivative in the semicolon mode..
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In[20]:= SetCovariantDisplay "SemicolonMode
Sui Tu j
CovariantD %, m, n

out[21]= S' T

out[22]= s*. ™ st T 7 st s 7
In[23]:= CovariantD Su i ,a Tu j
CovariantD %, m, n

out[23]= S'., T

out[24]= s*., ™ st T st T st T

CovariantDerivatives of expressions with base indices or partial derivatives are not allowed. Instead, the covariant
derivative of the abstract tensor should be taken, expanded with ExpandCovar iantD and only then expanded to base
indices.

In[25]:= Td 1
CovariantD %, a
%  ExpandCovariantD x, ,g9g, ,

out[25]= T,
out[26]= T,

sa

ExpandCovariantD: :nottensor :
A covariant derivative , T1.4- Cannot be expanded because
Tensorial cannot assess the tensor nature of the expression.

out[27]= $Aborted

Covariant derivatives of scalar tensors are converted to partial derivatives when there is a single differentiation index.

In[28]:= Tensor
CovariantD %, 1

out[28]=

out[29]= ;

See SetScalarSingleCovariantD for handling sequential differentiations or disabling this feature.
Restore settings.

In[30]:= ClearTensorShortcuts S, T ,1, S, T,2

In[31]:= DeclareBaselndices oldindices;
ClearlIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors ;

Clear oldindices, oldflavors

See ExpandCovar iantD for more examples.

©1988-2005 Wolfram Research, Inc. All rights reserved.



