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EinsteinArgument

Tt EinsteinArgument@xD@exprD

t EinsteinArgument@x, f D@exprD

f@xu@abD

EinsteinArray EinsteinSum ArrayExpansion

Examples

In[1]:= Needs "TensorCalculus4~Tensorial

oldindices CompleteBaselndices;
oldflavors IndexFlavors;
CleariIndexFlavor oldflavors;
DeclareBaselndices 1, 2, 3
DeclarelndexFlavor red, Red ;

In[2]:

DefineTensorShortcuts x ,1, , 2

DeclareBaselndices 1,2, 3

SetTensorValues ud i, j , ldentityMatrix NDim
SetTensorValues ud 1, j ToFlavor red , ldentityMatrix NDim
labs x, ,g9, ;

In[7]:

\—

In[12]:= fx_,y ,z_ : Xy Y’z
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In[13]:= Print "A function of coordinates"
g Xu red a
Print "Expanded using EinsteinArgument"
%%  EinsteinArgument X
Print ""Changing g to the defined
function T automatically evaluates to the expression”
%%
g
f

A function of coordinates
out[14]= g@x°D

Expanded using EinsteinArgument
out[16]= g@x', x?, x°D

Changing g to the defined function f automatically evaluates to the expression

out[18]= x! x? Hx2L? x3

$

Print "A function of coordinates"

g Xu a

Print "Partial derivative with respect to a coordinate”

PartialD labs %%, xu b

Print "Expanding the arguments causes evaluation"

%%  EinsteinArgument X

Print "Substituting the defined function and expanding the array"
% .g F

% EinsteinArray

In[19]:

A function of coordinates
Oout[20]= g@x?D

Partial derivative with respect to a coordinate

_  96x°D
out[22]=
[22] b
Expanding the arguments causes evaluation
3 X2 x1
Out[24]= Xb gHO,O,lL@Xl, X2, X3D b gHO,l,OL@Xl, X2, X3D b ng,O,OL@Xl, X2, X3D
Substituting the defined function and expanding the array
1 2 3
_ 2 X 1 2 3 X 202 X
out[26]= X b Hx* 2 x°x°L p Hx°L b

out[27]= 9x%, xt 2x%2x3, Hx2 L=

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

In[28]:

out[29]

out[32]

out[34]

Out[35]

Out[37]

#

In[38]:

out[38]

Print "Total derivative of a function of the coordinates"

TotalD Tensor g xua ,t

Print "Expand the arguments and the total derivative in terms of coordinates
%% EinsteinArgument x ;

% ExpandTotalD labs, b

Print Do an Einstein sum and substitute the defined function f for g
%% EinsteinSum

% .g F

Print "Unnest the tensor for final evaluation”

%% UnnestTensor

Total derivative of a function of the coordinates

g@x3D
t

Expand the arguments and the total derivative in terms of coordinates

xP g@x!, x2, x3D
t xP

Do an Einstein sum and substitute the defined function f for g

x1  g@x!, x?, x3D x2  g@x!, x?, x3D x3  g@x!, x?, x3D
t x1 T x2 t x3

2 2 2
x1  xIx2 HxZL® x3 x2  x1x2 Hx2L"x3 x3  xIxZ Hx2L"x3
t xt t NG t x3

Unnest the tensor for final evaluation

1 2 3
2 X 1 2 3 X 212 X
X t Hx* 2 xc x°L t Hx<L t
%
1
coordinatefunctions
Thread ToArrayValues xu i Function r, |, , rSin Cos ,
Function r, , , rsin Sin , Function r, , , rCos

8x! Function@8r, , <, rSin@ DCos@ DD,
x2 Function@8r, , <, rSin@ DSin@ DD, x3 Function@r, , <, rCos@ DD<
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In[39]:=

Out[40]=

Oout[42]=

out[43]=

out[45]=

out[46]=

Print
"Cartesian coordinates black as functions of spherical coordinates red
Xu a Xxured b
Print "Expand the arguments and expand to an array"
%% EinsteinArgument x
%  EinsteinArray
Print "Substitute the coordinate functions and use coordinate symbols"
%% . coordinatefunctions
% UseCoordinates r, ., , X, red

Cartesian coordinates HblackL as functions of spherical coordinates Hred<
x2@x°D
Expand the arguments and expand to an array
xa@xt, x2, x°D
8x1ax!, x2, x3D, x2@xt, x%, x°D, x3@x!, x?, x3D<
Substitute the coordinate functions and use coordinate symbols
8Cos@x>D Sin@x?D x*, Sin@x?D Sin@x°D x*, Cos@x?D x'<

8r Cos@ DSin@ D, rSin@ DSin@ D, r Cos@ D<
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In[47]:= Print "Take the partial derivatives of the coordinate functions™”
Xu a Xxu red c
PartialD labs %, xu red b
Print "Expand to an array and expand the arguments"
%%  ToArrayValues MatrixForm
%  EinsteinArgument X MatrixForm
Print "Substitute the coordinate functions and use coordinate symbols"
%% . coordinatefunctions MatrixForm
% UseCoordinates r, ., , X, red MatrixForm
Take the partial derivatives of the coordinate functions
out[48]= Xx2@x°D
_ Xa3@x°D
Out[49]= b
Expand to an array and expand the arguments
Out[51]//MatrixForm=
x1@x°D x1@x°D x1@x°D
x1 X2 x3
Xx2@x°D Xx2@x°D Xx2@x°D
x1 x2 x3
3  x3@x°D x3@x°D x3@x°D
k x1 x2 x3 {
Out[52]//MatrixForm=
XlHl’O’OL@Xl, X2, x3D XlHO,l,OL@Xl’ X2, x3D XlHO,O,lL@Xl, X2, x3D
E X2H1,O,OL@X1’ XZ, X3D X2HO,1,0L@X1, XZ, X3D X2HO,0,1L@X1’ X2, X3D
Ex3M-0-0ayt x2 x3p x3M0-1%axt x2, x3D x3"0%ext, x2, x3D {
Substitute the coordinate functions and use coordinate symbols
Out[54]//MatrixForm=
i Cos@x3D Sin@x?D Cos@x?D Cos@x®D x!  Sin@x?D Sin@x3D x*
Sin@x2D Sin@x3D Cos@x?D Sin@x3D x! Cos@x3D Sin@x2D x?! g
Cos@x2D Sin@x?D x* 0 {
Out[55]//MatrixForm=

Sin@ DSIn@ D rCos@ DSin@ D rCos@ DSin@ D

i Cos@ DSin@ D rCos@ DCos@ D r Sin@ DSin@ D
iCos@ D r Sin@ D 0

NN
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In[56]:= SetTensorValueRules xu a , r Sin Cos , rsSin Sin
SetTensorValueRules xu red a , r, ,
PartialD labs xu a , xu red b
%  EinsteinArray MatrixForm
%  ToArrayValues MatrixForm
ClearTensorValues xu a , xu red a
Xa
out[58]= b
Out[59]//MatrixForm=
PR x1 x1
X1 X2 X3
x2 x2 x2
X1 X2 X3
x3 x3 x3
x1 x2 x3 {
Out[60]//MatrixForm=
i Cos@ DSin@ D rCos@ DCos@ D r Sin@ DSIn@ D
iSin@ DSIin@ D rCos@ DSin@ D rCos@ DSin@ D E
Cos@ D r Sin@ D 0 {
C
In[62]:= ClearTensorValues ud 1,jJ , ud i, j ToFlavor red
ClearTensorShortcuts x , 1 , , 2
In[64]:= DeclareBaselndices oldindices
ClearlIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;

Clear oldindices, oldflavors, coordinatefunctions

, rcos
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EinsteinArray

Tt EinsteinArray@base : AutomaticD@exprD form an array on the free indices in the expression.

The expansion will be done in the natural sort order of the raw free indices with the first sorted index at the highest level.

If special sets of base indices have been associated with certain flavors of indices using DeclareBase Indices, then those sets
will be used with the corresponding flavors.

The optional argument base gives the base indices over which each index is expanded. The default value is Automatic and then
each index is expanded over the complete set of base indices for the corresponding flavor. If a list of subsets of selected base
indices is given then each index is expanded over the corresponding selected subset taken in corresponding order. If a single list of
selected base indices is supplied, then it will apply only to the first index.

Flavored indices as well as plain indices are automatically expanded.

See also: DeclareBaselIndices, SumExpansion, EinsteinSum, ArrayExpansion, ToArrayValues.

Examples

In[1]:= Needs "TensorCalculus4~Tensorial

Save the settings and declare base indices and flavors.

oldindices CompleteBaselndices;

oldflavors IndexFlavors;

ClearIndexFlavor oldflavors;

DeclareBaselndices 1, 2, 3

DeclarelndexFlavor red, Red , rocket, SuperDagger ;

In[2]:

In[7]:= DefineTensorShortcuts X,y ,1, S,2

The following expands vectors into their components...

In[8]:= Xu i
% EinsteinArray

out[8]= xi
out[9]= 8xt, x?, x3<

In[10]:= Xu 1 yu i
%  EinsteinArray

out[10]= x' y!
out[11]= 8x} y!, x2 y?, x3 y3<

An expansion can be done over a subset of the base indices.
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In[12]:

Xu i yu i
% EinsteinArray 1, 3

out[12]= x' yi
out[13]= 8x! yi, x¥ yi<
If the free indices do not match in all terms, an error message is issued and the operation is aborted.

In[14]:= xu @ Vyu j
%  EinsteinArray

out[14]= x' W

Freelndices: :notmatched : The free indices are not the same
in all terms of the expression or some terms have bad indices.

Out[15]= $Aborted

The following expands a second order tensor into an array.

In[16]:= Suu i, j ToFlavor red
%  EinsteinArray MatrixForm
out[16]= S'J
Out[17]//MatrixForm=

-Sll SlZ 313
321 S22 SZS%
31 32 33
s¥1 §37 33 %

The expansion occurs on the sort order of the indices. To obtain other expansion orders use ArrayExpansion or
change the indices in the expression. Changing the sort order of the indices...

In[18]:= Suu j, | ToFlavor red
%  EinsteinArray MatrixForm
out[18]= S''
Out[19]//MatrixForm=

512 822 532

-Sll S21 331%
313 S23 333 {

The free indices are always sorted before being passed to ArrayExpansion, which arranges the levels in order of the
indices it receives.

Using ArrayExpansion we could keep the same matrix but switch the order of the indices in the expansion...

In[20]:= Suu i, jJ ToFlavor red
%  ArrayExpansion red 3.1 MatrixForm
out[20]= S'J
Out[21]//MatrixForm=

-Sll SZl 331
512 822 SSZE
313 S23 333 {
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The following is expanded on a subset of the first sort order index.

In[22]:= Suu i, j ToFlavor red
% EinsteinArray 1, 2 MatrixForm
out[22]= s'J
Out[23]//MatrixForm=

isll 812 Slsé

21 22 23
S S S°° T

The following is expanded on the same subset of rows and columns.

In[24]:= Suu i, jJ ToFlavor red
% EinsteinArray Table 1,2 , 2 MatrixForm
out[24]= S'J
Out[25]//MatrixForm=

-Sll Slzé
21 22
!:3 S

By specifying a list of base index subsets for each index we can obtain a rectangular expansion.

In[26]:= Suu i, jJ ToFlavor red
% EinsteinArray 1,2, 1,2,3 MatrixForm
out[26]= S'J
Out[27]//MatrixForm=

isll SlZ SI3§

21 g22 g23
S S Sh

The following selects two columns instead of two rows.

In[28]:= Suu i, j ToFlavor red
% EinsteinArray 1,2,3, 1,2 MatrixForm
out[28]= S'J
Out[29]//MatrixForm=
= Sll 812
321 S22 g
331 SSZ {

To obtain the transpose we would switch the indices in the tensor and also switch the order of the base index sets.
Remember that the free indices are sorted before being passed to ArrayExpansion so 81, 2< goes with i and
81, 2, 3<goeswith j.

In[30]:= Suu j, | ToFlavor red
% EinsteinArray 1,2, 1,2,3 MatrixForm
out[30]= S!'
Out[31]//MatrixForm=

'Sll SZl 531
isl2 S22 332%
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The following expands a set of equations (or inequalities).

In[32]:= yu i Sud i, J Xxu j ToFlavor rocket
% EinsteinSum
%  EinsteinArray TableForm
out[3z]= y*' > ' ;'

out[33]= y' >S* i xt' S, x4 st 3t x3'

Out[34]//TableForm=
yl' > st oxd' st %2 st x3
y?2' 5 52 . xt' g2’ of x2" 1 g2 S

T T T T T T T
y3 > 8% i x4+ 8% i xS 3

t

t

If we have declared special base indices for some flavors of indices, then they are expanded on the corresponding bases.

In[35]:= DeclareBaselndices 1,2,3 , red, A, B
In[36]:= Suu i, red j

%  EinsteinArray MatrixForm
out[36]= S'J

Out[37]//MatrixForm=

= SlA SlB

SZA SZB é

S3A S3B {

We can still use selected subsets for each index but, of course, they must be from the corresponding base sets.

In[38]:= Suu i, red j
% EinsteinArray 1,2 , B MatrixForm
out[38]= S'J
Out[39]//MatrixForm=

= Sl B
i 52 B g
{
Restore the initial values...

In[40]:

ClearTensorShortcuts X,y ,1, S,2

DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors

In[41]:
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EinsteinSum

t EinsteinSum@base : AutomaticD@exprD

The expansion will be done on individual terms, terms in sums, on both sides of an equation, and within arrays.

If special sets of base indices have been associated with certain flavors of indices using DeclareBase Indices, then those sets
will be used with the corresponding flavors.

The optional argument base gives the base indices over which each index is summed. The default value is Automatic and then
each index is summed over the complete set of base indices for the corresponding index flavor. If a list of subsets of selected base
indices is given then each index is summed over the corresponding selected subset taken in corresponding order. If a single list of

selected base indices is supplied, then it will apply only to the first index.

See also: DeclareBaselndices, ArrayExpansion, SumExpansion, EinsteinArray, ToArrayValues.

perform an Einstein summation on all pairs of matching
up/down index pairs. The range of the sum is over the base list, which has the default value of Baselndices.

Examples

In[1]:=

Needs ""TensorCalculus4~Tensorial

Save the settings and declare base indices and flavors.

In[2]:
oldflavors
ClearIndexFlavor

oldindices CompleteBaselndices;
IndexFlavors;
oldflavors;

DeclareBaselndices 1, 2, 3

DeclarelndexFlavor

DefineTensorShortcuts

In[7]:

red, Red ,

X,y ,1, S, T,2

EinsteinSum automatically extracts the summation indices.

In[8]:= xu i yd i
% EinsteinSum
out[8]= x'y;

out[9]= X'y, + X%y, + X3y,

EinsteinSum will not sum improper expressions.

In[10]:= xXu 1 yu i
% EinsteinSum

out[10]=

Out[11]=

EinsteinSum automatically handles flavored indices.

rocket, SuperDagger
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In[12]:= xu 1 yd i ToFlavor red
% EinsteinSum

out[12]= x'y;
out[13]= x'y; + X2y, + X%y,
Nonmatching flavors do not sum.

In[14]:= xu i1 yd red i
% EinsteinSum

out[14]= x'vy;
out[15]= x'y;
A partial summation can be done over a subset of the base indices. The base subset is never flavored.

In[16]:= xu 1 yd i ToFlavor red
% EinsteinSum 1, 3

out[16]= x'y;
out[17]= x'y; +x3y;
An error occurs if the base specification is not a subset of the base indices for the index.

In[18]:= xu 1 yd i ToFlavor red
% EinsteinSum 1, 4

out[18]= x'y;
SumArrayExpansion: :subset : 81, 4< is not a subset of the base indices 81, 2, 3<

out[19]= $Aborted

It operates on sums on both sides of an equation...

In[20]:= Xxu & xd ¥ Sud i, J Xxu j vyvui ydi Tudi,j yu]j
%  EinsteinSum

out[20]= S*; X +xix; Ty yly;

out[21]= S*;x' S'Tyx? STyx® xPxy XX, X¥xg Tyt Thy? Ty ovlyr vy, Vi
It will operate on equations and expressions within arrays.

In[22]:= Xxu i xd i Sud i, J Xu j yui ydi Tudi,j yuj,

Sud i, 1 ToFlavor red
% EinsteinSum

out[22]= 95 ;% xix; Tyl yly;, S';=

out[23]= SSi}x1 Si?x2 S.igx3 XEx; X2x, X3 Xg
Tyt Thy? Ty vy Y2y, Ylys, Sy 87, S%:<

It sums on dot product expressions and CircleTimes expressions.
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In[24]:= xu 1 .yd i ToFlavor red
% EinsteinSum

out[24]= x'.y;
out[25]= x!.y; +X2.y, + X3y,

In[26]:= xu 1 yd i ToFlavor red
% EinsteinSum

out[26]= x'o®y;
out[27]= x'®y; + X°0y, + x>0y,
If we have declared special base indices for some flavors of indices, then they are expanded on the corresponding bases.
In[28]:= DeclareBaselndices 1,2,3 , red, A, B
Now, in the previous example, the two expressions are summed on different base index sets.
In[29]:= Xxu i xd i Sud i, J xu j yvui ydi Tudi,j yuj,
Sud 1, 1 ToFlavor red

%  EinsteinSum

out[29]= 9S';x) + xix; =T'; ¥ +yly;, STi=

out[30]= 8S'; x} + ST, X% + STy x3 + XXy + X2 Xy + X3 Xg =
Ty T Y2+ T y? oyl ys + Y2y, +yP s, S% + 8%<

In[31]:= Suu a, red b Tdd a, red b
%  EinsteinSum

out[31]= ST,
Out[32]= S*A T o +S'B T g +S2ATop+S28 T, +S3 A T +S38 Tap
We can still use selected subsets for each index but, of course, they must be from the corresponding base sets.

In[33]:= Suu a, red b Tdd a, red b
% EinsteinSum 1,2 , B

out[33]= S2°T,,

out[34]= S'BT,;+S28T,,

Restore the initial values...

In[35]:= ClearTensorShortcuts X,y ,1, S, T, 2

In[36]:

DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors
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EvaluateDotProducts
t EvaluateDotProducts@e, g, metricsimplify : TrueD@exprD expands Dot products of

vectors expressed in a given basis e using the metric tensor g. Metric simplification is performed if the default
argument metricsimplification is True.

Whether metric simplification is wanted depends upon whether values have been calculated for the metric tensor, or whether they
have been calculated for the resulting tensors.

See also: Dot, LinearBreakout, BasisDotProductRules.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™
Save the settings and declare the base indices and flavors.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclareBaselndices 1, 2, 3
DeclarelndexFlavor red, Red

Define tensor shortcuts.
In[7]:= DefineTensorShortcuts e, x,y , 1, g,2
Dot products not involving e basis vectors are left unchanged.

In[8]:= u.v
%  EvaluateDotProducts e, g

Out[8]= u.v
Out[9]= u.v
Or they are partially simplified.

In[10]:= u.v . U Xxu 1 ed i
% EvaluateDotProducts e, g

Out[10]= He; xiL.v
out[11]= e;.v X!
If both arguments of the Dot function contain the e basis vectors, then it is fully evaluated.

In[12]:= u.v . u xu i edi ,v yuj edj
% EvaluateDotProducts e, g

out[12]= He; x'L.le; yIM

out[13]= X; y!
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Sometimes you may not want metric simplification. Then set the 3rd optional argument to False. For example, suppose

you have calculated and stored values for gdd@i, jJD and xu@iD but not xd@iD. Then you might prefer the
following form.

In[14]:= u.v . u xu i edi ,v yuj edj
%  EvaluateDotProducts e, g, False

out[14]= He; X'L.le; yIM
out[15]= g;; x' y!

EvaluateDotProducts works on all dot products in an expression.

In[16]:= ed 1 .ed j ToFlavor red
%  EinsteinArray MatrixForm
%  EvaluateDotProducts e, g MatrixForm

OUt[16]= ei.eJ-
Out[17]//MatrixForm=
gez.e1 €,.€, €,.e;
kes-e; ez.e; ez.ez {
Out[18]//MatrixForm=

Ji1 Y12 Ois

5921 922 O23

k931 0932 U933 {

Restore the old values...

In[19]:

ClearTensorShortcuts e, x,y , 1, 9,2

In[20]:= DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;

Clear oldindices, oldflavors
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EvaluateSlots

t EvaluateSlots@e, gD@exprD evaluate all tensor products, involving CircleTimes, on lists of argument
slots, which may contain Nulls. e is the label for the basis vectors and g is the label for the metric tensor.

The tensor product and slots will generally contain indicial expressions involving the basis vectors e.
It is assumed that shortcuts have been defined for e and g.
The direct product and slots may contain indicial expressions involving the basis vectors. EvaluateSlots expands and simplifies.

See also: CircleEvalRule, LinearBreakout, BasisDotProductRules, PushOnto.

Examples

In[1]:= Needs "TensorCalculus4~Tensorial
DefineTensorShortcuts u, v, x,y,e ,1, T,g,2

The following evaluates a second order tensor on its two slots.

In[3]:= T X,y
% . T Tddm,n eum eun ,Xx xulil edi ,y yuj ed]j
% EvaluateSlots e, g

Oout[3]= T@x, yD
yIE

out[4]= He" e"T,,LAe; x*, €;

OUt[5]= Tij Xi yj
If only one slot is filled we obtain a vector.

In[6]:= T , ¥y
% . T Tddm,n eum eun,y vyuj edj
% EvaluateSlots e, g
%  EinsteinSum Collect #,eu _ &

Out[6]= T@Null, yD

out[7]= He" e" T, LANull, e; Y'E

out[8]= €"T,;y!

out[9]= e'HT;;1y" Tioy? TizY?L €*HTpiyt Tooy? Tosy’L eHTapy' Tapy? TasyiL

You can use it on expressions like the following although CircleEvalRule would work as well. In this case the
arguments of EvaluateSlots are not actually used.

In[10]:= U V X,YVY
% EvaluateSlots e, g

Out[10]= Hu vL@x, yD

Out[11]= Uu.XV.y
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In the following the direct product and slots are filled with vectors.

In[12]:=

out[12]=

out[13]=

Out[14]=

out[15]=

In[16]:=

u v X,y

% . u uumedm,Vv vunedn,X XxXu
% EvaluateSlots e, g

% EinsteinSum Factor

Hu vL@x, yD

HHe, u™L He, v"LLAe; X', e; Y'E

u; v; X'y

Hup Xt up, X2 ug x3LHvy vyt v y? vayeL
ClearTensorShortcuts u, v, X, y,e , 1,

ed i

T,9 ,2

.y yuj edj
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ExpandAbsoluteD

t ExpandAbsoluteD@{x, d, g, G}, {a, b}, permissive : FalseD@exprD first order absolute
derivative of tensors using coordinates x, Kronecker d, metric tensor g and Christoffel symbol G. The
expansion will be done using the dummy indices a and b.

t ExpandAbsoluteD@{x, d, g, G}, {{a, b}, {c, d}, ...}, permissive : FalseD@exprD will expand higher order
absolute derivatives.

For flavored expressions the flavor must also be on the dummy indices.

8x, , g, <arethestandard set of tensor labels used in all derivative routines. They tell the routines which labels will be
considered to represent the coordinate, Kronecker, metric and Christoffel objects. It will often be convenient to define these labels
for a notebook and assign them to a short variable, which can then be used in the derivative routines.

A pair of dummy indices is needed for each order of differentiation.
ExpandAbsoluteD is mapped over arrays, equations and sums.

Expressions that contain base indices, Christoffel symbols or partial derivatives will not be expanded.

Expressions that contain Christoffel symbols (from the G symbol in the list of tensor symbols) or total derivatives will not be
expanded unless the optional parameter, permissive, is set to True. Its default value is False.

Because different dummy indices will be needed in products it is not possible to automatically expand all absolute derivatives in an
expression. Sometimes you may have to expand an expression, or you may wish to map to specific parts of expressions.

See also: AbsoluteD, CovariantD, PartialD, TotalD, SetDerivativeSymbols.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™
Save the settings.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclarelndexFlavor red, Red

Define the tensor shortcuts and standard tensor labels.

In[6]:= DefineTensorShortcuts X,V,S, T ,1, g, .S, T ,2, , 3
labs X, ,0, ;
TensorSymmetry , 3 Symmetric 2, 3 ;

Here the absolute derivative of a tensor is first generated in representational form and then expanded. Two dummy
indices are needed for each order of differentiation.
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In[9]:= Su i
AbsoluteD %, t

%  ExpandAbsoluteD labs,
out[9]= Sf
_ Dsi
Out[10]= dt
Si ~ Xb
out[11]= t LN t

For flavored expressions, the intended flavor should also be on the dummy indices.

In[12]:= Su i ToFlavor red
AbsoluteD %, t

% ExpandAbsoluteD labs, red

out[12]= S'
_ DSi
out[13]= |
Si ~ Xb
out[14]= t LIS ¢

ExpandAbsoluteD maps over arrays, equations and sums...

In[15]:= AbsoluteD #, t & asSu
MapThread #2 #1&, %,

_ DSi DT DS
out[16]= 9a dt dt 0,b dt
_ T i X 1
out[171= 9 o T " ai
i . X i

J
¢ 7 t bi

DT

Si
t
Sj
t

a, b

Tu i
Equal, GreaterEqual
% ExpandAbsoluteD labs,

dt

0=

A correction term is added for each index in the tensor.

In[18]:= Sud i, j ToFlavor red
AbsoluteD %, t

% ExpandAbsoluteD labs, red

out[18]= S';
Out[19]= DS';
u [ ]_ dt
st - X0
Out[20]= tJ Sl a abj t Saj

The best way to calculate acceleration is to do it in two steps.

ab

a, b

-, X

-, X

SN AN

,bSu j

Tu j

o

(@)

0,0 Thread;
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In[21]:= AbsoluteD

vui,t
%  ExpandAbsoluteD labs, a, b
% . wvu i_ TotalD xu i , u
i
out[21]= %Vt
Vi ] xb
out[22]= t va oty ¢
- NG xP 2 i
out[23]= ', Ny t Ut

To expand a higher order absolute derivative, a pair of dummy indices must be given for each order of derivative.

In[24]:= Su i ToFlavor red
AbsoluteD %, t, t
% ExpandAbsoluteD labs, Map red, a,b, c,d , 2
%  SimplifyTensorSum

out[24]= S!

out[25]= dDiiit

ourzel= S T Oy el TS e REL s S v
S T O I TV s

In[28]:= Su i Tu i ToFlavor red
AbsoluteD %, t, t
%  ExpandAbsoluteD labs, Map red, a,b , c,d , 2
%  TensorSimplify FullSimplify

out[28]= S' Ti

_ D2 Si D2 Ti
OUtI29)=  ytdt dtdt
_ ZSi 2Ti i Sa Xb ; Ta Xb
OUEL301= v £t 2P ot ot ab ¢ ¢
R i S¢ xP xd _ i TC xP xd
i ga ¢ ¥ i Ta ¢ ¥
d b d b
¢ t a T { t ¢ t a T { T
. 2Xb Xb i = 2Xb Xb i
a i ab a i ab
Si S o t t % Ti S i t t %
_ ZSi 2Ti i H Sa Ta Xb a A 2Xb
out[a1l= T L abin " N HSTL t%
Xb H _ Xd i
HS® TaL ¢ i Cab ICd ¢ tab%

The same must be done for products of absolute derivatives
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In[32]:= AbsoluteD Su i , t AbsoluteD Tu j , t
% ExpandAbsoluteD labs, a,b, c,d

Dsi DT
out[s2l= T ¢

S e, Xy T e
Out[33]—£ S fa t%i ¢ T e t%

This doesn't match because there is a wrong number of indices.

In[34]:= AbsoluteD Su i , t AbsoluteD Tu j , t 0
% ExpandAbsoluteD labs, a, b

i pT
out[34]= %St dt 0

i DY
Out[35]= %St dt 0

The following matches only one of the terms.

In[36]:= AbsoluteD Suu i, j ,t AbsoluteD Su i ,t AbsoluteD Tu j , t 0
%  ExpandAbsoluteD labs, a, b

ps'd psi DT
out[36]= . 4t dt O

psi DT¥  sY i i X
dt dt t ab ¢

R b
i X
1a 1
S ab 0

71=
out[37] t

In[38]:= AbsoluteD Su i Tui ,t AbsoluteD Suj Tuj , t
% ExpandAbsoluteD labs, a,b, c,d

- i iy i i
outpzsy= j°S° BT ¥£DSJ T %
{

dt dtijdt dt

]

i S : xbyi TI . xd i Sf . xP s i xd
Out[39]=£ e S e R T REL Y s t¥£ s i N E
{ t t {
j s a i X0y | T c ] x4 i T a i x>y T c i x?
£ 5 lav t%i t e t% i € 1 av t%i € | ed t%

Here is the second derivative of a tensor product.

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser 5

In[40]:= Sd 1 Tu j
AbsoluteD %, t, t
%  ExpandAbsoluteD labs, a,b , c,d ;
%  TensorSimplify Simplify

out[40]= S; T

ps, b D27 D2 s,

wtl41l= 2 o Gr grde S dedt ©

out[43]= S; tZTjt 2s; oy Tta th 28, %pi th th S; T Ja Eth
25, T 25 Teg th Xtd SiT ®ap ted th Xtd 2 S;:'i-rtj T¢ Jea )fg
Tj;( tZS,t abi£2 S;:a )f Sa ith% Sa )fiabc “di )f atbi%%

Calculation of velocity and acceleration tensors in spherical coordinates: r is the distance from the origin to a point, q is
the angle from the North pole, and T is the rotation about the z axis.

1) Enter the metric matrix for spherical coordinates in symbolic coordinate form.

2) Convert to coordinate positions with label x (the default).

3) Set the metric tensor values. The inverse is also calculated and set.

4) Calculate and set the Christoffel symbols using the label to represent Christoffel symbols.

In[44]:= cmetric DiagonalMatrix 1, 2, 2Sin 2 ;

metric cmetric CoordinatesToTensors . s MatrixForm
MapThread SetTensorValues #1, #2 &,

gdd a, b ,guu a,b , metric, Inverse metric ;
MapThread SetTensorValues #1, #2 &,

ddd a, b, ¢ , udd a, b, , CalculateChristoffels labs ;

Out[45]//MatrixForm=
1 0 0
0 HxL®> 0 é
00 Sin@x2D” Hx'L? I

The velocity is the derivative of the coordinate positions.

In[48]:= TotalD xu i , t

N

out[48]= t

We set tensor values for the velocity and we set coordinate position rules for an object rotating around equatorial plane
at a radius of R and an angular velocity w.

In[49]:= SetTensorValues vu i , TotalD xu 1 , t ToArrayValues
SetTensorValueRules xu i , R, 2, t

Now it is trivial to calculate the acceleration by taking the absolute derivative of the velocity.

1) Take the absolute derivative of the velocity.
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2) Expand it in terms of Christoffel symbols and total derivatives.
3) Expand to the components in terms of the coordinate vectors.

4) Substitute coordinate values.

In[51]:= AbsoluteD vum , t
%  ExpandAbsoluteD labs, ,
% EinsteinSum EinsteinArray . TensorValueRules
% UseCoordinates r, |,

_ Dbv"
out[s1]=
_ v " X
Out[52]= t \% t
21 %2 ) 5 5 %32
— 1 2 1
out[53]= 9 £t X i t% SIn@x<D” x i t % ,
2 Xt X 22 ioy3,2 2 % 2 x3 253
Tt t 2 H 2 t Tt 2 2D
ol t t Cos@x<D Sin@x D£ t%’ e Cot@x t t £t
2p 2 2
out[s4]= 9 ., rJ N rJ N Sing D?,
2;t 2 Cos@ DJ NZS'@DZEt 2Cot@ D -
r £ 0s t in , r o) £t e

Which is actually the result we can find in any vector calculus books. For the orbiting object we specified above, we can
just use ToArrayValues, which expands and substitutes all rules. We obtain a general form because Mathematica
does not know that w and R are constant.

In[55]:= AbsoluteD vu i , t
% ExpandAbsoluteD labs, ,
%  ToArrayValues

i
out[55]= %Vt
v i X
Out[56]= t \% t
057—92R RJtN202 2thtLtz—
Ut[ ]_ t2 t ’ 3 t R tz_

If we wish w and R to be regarded as constants...

In[58]:= SetAttributes R, , Constant ;
AbsoluteD vum , t
% ExpandAbsoluteD labs, ,
%  ToArrayValues
ClearAll R,

m
out[59]= %"t
v m X
= \Y;
out[60] t ¢

out[61]= 8 R 2, 0, O<

Higher order derivatives are best done in one step.
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In[63]:= AbsoluteD Td a , s, t
stepl % ExpandAbsoluteD labs, b,c, d,e

2
out[63]= st gat
N b T, X 4 j Ta b X“y Xx° i b 2xe x© bca¥
out[64]= s t ca ¢ s ea£ s Tp "ca sy t Tbi ca g ¢ s t I

The following is the same calculation done in two steps. The second expansion must be permissive because the input
contains a Christoffel symbo and total derivativesl.

In[65]:= AbsoluteD Td a , s
%  ExpandAbsoluteD labs, b, c
AbsoluteD %, t
step2 %  ExpandAbsoluteD labs, d, e , True

DT,

out[es]l= | &

out[66]= Tsa To “ca

D = DT ¢ D D b NG
— s b b s b ca
Out[e71= 4 ¢ dt ° s Tbi dt @ dt s%
2T Tq  x® xq§ T xe i 2x¢ x4 xe
out[68]= s at dea Sd t bca s tb Ty deb t% Tp bca£ s t Cde s t%
X f b d x® b d x® b d x® Pca
Tb Si de ca t cd ea t da ec t t ?
We can check that they are the same.
In[69]:= step2 stepl
Nest TensorSimplify, %, 2
T X¢ T x& i T X¢ x&
Oout[69]= bca tb s dea Sd t deai Sd Ty b<:d s % t
xX¢ § T X€ = 2Xc Xd xe
bca { 1? Td deb t % Tb bca s t cde s t {
7. X qo d x® oy d xX® oy d x® bca¥
b de ca cd ea da ec
s t t t Tt
= 2 yC c b
b X X ca
Tbi ca s t S t %
out[70]= O

The following expressions will not be expanded because the first contains a base index and the second contains a partial
derivative.
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In[71]:= Td 1
AbsoluteD %, t
%  ExpandAbsoluteD labs, a, b

Out[71]= T,
out[72]= %Ttl

ExpandAbsoluteD: :nottensor :

DT,
dt
Tensorial cannot assess the tensor nature of the expression.

An absolute derivative , , cannot be expanded because

Out[73]= $Aborted

In[74]:= PartialD labs Td a , xu i
AbsoluteD %, t
%  ExpandAbsoluteD labs, c, d

out[74]= 1?
Ta
T

out[75]= %

ExpandAbsoluteD: :nottensor :

D Ta
An absolute derivative , dt cannot be expanded because
Tensorial cannot assess the tensor nature of the expression.

out[76]= $Aborted

In[77]:= ClearTensorValues
gdd a,v ,guua,b ,vui ,xui, uddi,j,k, ddd i, j, k ;
ClearTensorShortcuts x,v,S,T ,1, g9, ,S,T,2, ,3
In[79]1:= DeclareBaselndices oldindices

ClearlIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors, metric, stepl, step2
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ExpandCovariantD

t ExpandCovariantD@(x, d, g, G}, a, permissive : FalseD@exprD first order covariant
derivatives of tensors using x as the label for the coordinate positions, d as the label for the Kronecker, g as the
label for the metric tensor and G as the lavel for Christoffel symbols. The introduced dummy index will be a.

t ExpandCovariantD@{x, d, g, G}, {a, b, ...}, permissive : FalseD@exprD expands higher order covariant
derivatives using the list of dummy indices.

ExpandCovariantD is mapped over arrays, equations and Plus.

ExpandCovariantD is intended to work only on tensor expressions. It will not expand expressions containing base indices or
unexpanded partial derivatives. It will not expand expressions containing expanded partial derivatives or Christoffel symbols (from
G in the list of labels) unless the user sets the optional parameter permissive to True. This might be done if the expression contain
results from previous covariant derivatives.

The expansion is done for a 'coordinate basis' or holonomic system. in which case the Christoffel up symbols, with the first index
up, are the same as the ‘connection coefficients'.

When working in a notebook with a constant set of labels one can put labs 8x, , g, <andthen use
ExpandCovariantD@labs, aD@exprD in the call, with similar usage for the other derivative routines.

See also: CovariantD, SetChristoffelValueRules, PartialD, AbsoluteD, TotalD, Tensor.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™
Save the old settings.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclarelndexFlavor red, Red

Define standard labels and shortcuts.

In[6]:= labs x, ,qQ, >
DefineTensorShortcuts x,y,S,T ,1, g9, ,S,T,2, ., »2zero , 3
DeclareZeroTensor zero
TensorLabelFormat zero, O

Here is a covariant derivative of a second order tensor and its expansion in terms of a partial derivatives and Christoffel
symbols using the dummy index a. There is a Christoffel correction term for each index.
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In[10]:= Tuu i, j
CovariantD %, k
%  ExpandCovariantD labs, a

out[10]= T'J

out[11]= T'J
TH

out[iz2]= T3 i, . Tia J K

With flavored expressions the intended flavor must also be on the covariant dummy index.

In[13]:= Tud i, j ToFlavor red
CovariantD %, red k
% ExpandCovariantD labs, red a

out[13]= T';
out[14]= T'j;k

) ) T
OUt[lS]: Tla akj Taj Ika XkJ

A dummy index name must be supplied for each covariant differentiation.

In[16]:= Tuu i, j ToFlavor red

CovariantD %, red m, n
% ExpandCovariantD labs, red a, b
out[16]= T'J

out[17]= T'I.

. T s ; T°d
Out[18]= ', XN lan{TaJ bma L ma X g
{
i - i 27i]
i T Tia b Tab i T'b¥ T
ma XN nb ma ma XM { XN xm
i i B Tii B i i i
bnmi-l-aj Iba Tia Jba Xb % T2 Xrga Tia Xrga

We could use different symbols for the coordinate and Christoffel symbols. This uses L for the connection and y for the

coordinates.

In[19]:= Tdd i, j ToFlavor red
CovariantD %, red k

% ExpandCovariantD y, ,d, , red a
out[19]= T;;
out[20]= T;j.,
outl211=  T.; ®vi Tia i Tyikj
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If a tensor has no covariant derivative indices then ExpandCovariantD does nothing. In the following, only one
term is expanded.

In[22]:= 2Tud 1, j CovariantD Tu 1 , j
%  ExpandCovariantD labs, a

out[22]= T',; 2T';

_ i
out[23]= 2T';

The following is an example of a calculation with covariant derivatives. We set the metric for a spherical coordinate
system and express it in terms of coordinate positions.
In[24]:= metric DiagonalMatrix 1, r?, r’sSin 2 ;
tmetric metric CoordinatesToTensors r,
MapThread SetTensorValueRules #1, #2 &,

gdd a, b ,guu a, b , tmetric, Inverse tmetric

, MatrixForm

Out[25]//MatrixForm=
1 0 0
0 HxL?> 0 é
00 Sin@x2p” Hx'L? §

We then calculate and set the Christoffel values...

In[27]:= MapThread SetTensorValueRules #1, #2 &,
ddd a, b, c , udd a, b, c , CalculateChristoffels labs ;

The following displays the independent nonzero values of the up Christoffel symbols.

In[28]:= SelectedTensorRules , udd _,a ,b_ ;OrderedQ a,b TableForm
Oout[28]//TableForm=
1 Xl
22

1, Sin@x2D’ x!
2., WAL
2353 Cos@x?D Sin@x?D
3,5 R’
3,53 Cot@x?D
We then
1) Set the coordinate position values to coordinate symbols via rules.
2) Take the covariant derivative.
3) Expand the covariant derivative in terms of Christoffel symbols and the coordinate positions.
4) Expand the expression into an array making all substitutions.

5) Clear the rules for the coordinate positions.
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In[29]:= SetTensorValueRules xu i , r, , ;
CovariantD Tu i1 , k
%  ExpandCovariantD labs, a
%  ToArrayValues
ClearTensorValues xu i

out[30]= T'.

_ i
OUt[31]= Ta Ika Ik
1 1 1
out[32]= 99 Tr CorT2 U rsine 023 =,
2 2 1 2 2
9T ™7 T cose Dsine DT® | =,
r r r
3 3 3 1 3
9Tr Tr , Cot@ DT T . Tr Cot@ D T? ™__

That gives us the covariant derivative components of T in terms of the contravariant T components.
A tensor times a covariant derivative.

In[34]:= Tdu k, j CovariantD Sd k , m
%  ExpandCovariantD labs, a

out[34]= Sy., TyJ

i d S
out[3st= T Sa fwe ¥

The covariant derivative of a product of tensors and a constant.

In[36]:= 2 qSd k Tdu j, k
CovariantD %, m
% ExpandCovariantD labs, a

out[36]= 2 S, T;"

out[371= 2 qIT;*. S S, Tj*M

K S T;
out[38]= 2 qT; isa 2k X‘;% 2 qski TX %0 T3 Kna Jm%

In[39]:= Sd a Tu b

CovariantD %, c, d

% ExpandCovariantD labs, e, T
out[39]= S, T
0ut[401= SaqT°.c Sa.c T°.g T°.caSa Saica T°

;C

Sa v i T S TP
out[41]= J Se °4a XgNin bor XC% JSe fca L ANJTT Pup o ¥
H 2Tb = Tb Te = Tf
f b b b f
Sai Xd XC dciTe fe Xf% ce Xd dfiTe ce Xc% T®

i 2s S S S
Tbi Xd a fdc‘] Se efa N e(:a a fdai Se e(:f f¥ S

XC
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Now, let's try the well known identity about the covariant derivative of the metric tensor, using the metric tensor and
Christoffel symbols from above. We equate the covariant derivative to the 3rd order zero tensor.

In[42]:= SetTensorValueRules wud i, j , ldentityMatrix NDim
gdd m, n
CovariantD %, i zeroddd n, m, i
stepl % ExpandCovariantD labs, a
ToArrayValues % MatrixForm

Out[43]= Onn

Out[44]= Onn:i Onmi

Out[451=  dan %in 9na “in g)r(nin Onmi

Out[46]//MatrixForm=

True

The double covariant derivative of a scalar still requires two expansion indices, but the first one is not used and can
even be a Null.

In[47]:= Tensor
CovariantD %, a, b
%  ExpandCovariantD labs, ,d

Oout[47]=
Out[48]= :ab

2
out[49]= 9 a

xP  xa xd

That usage allows us to use the same ExpandCovariantD on scalars and tensor expressions that evaluate to scalars.
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In[50]:= Tensor Sua Sd a
CovariantD %, b, c
%  ExpandCovariantD labs, d, e
%  TensorSimplify
% MapLevelParts UpDownSwap a , 5,6,8

out[50]= ¢ S2S,

Out[511= .pc S%.cSa.p S*.bSa:c Sa:pcS* S%.,c Sa
out[52]= ° e Jsd NI s, e Say gsd a
ut[52]= xc  xb cb  ye cd N e ba b bd
H ZSa Sa Sd Se
Sa£ XC Xb echSd aed XeN abd XC aceJSd ebd Xb
I 2s S S
Sai XC aXb ech Sd dea XZ N dba Xg ecaJ Sd dbe
d a e d a e 2 e ZSa
out[53]= S° S, ce bd S Se bd ca xC  xb cb ye Sa xC  xb
(S Sk sa 2Sa S Sa i Sa sa e Sa
a cb Xe Xc Xb XC Xb Xb XC c Xe
2
out[54]1= S%S; %ce ®pbg S'Se b Cca xc  xb
2S sa S S
e a a a a e a
cb NG 2s XC Xb 2 Xb XC 2S ch xe

We cannot expand the following covariant derivatives because they contain non tensor items.

NJ Se eca
s “bdy
xc I

In[55]:= CovariantD PartialD labs Td a ,xu b ,c , CovariantD udd a, b, c ,d

% ExpandCovariantD labs, i
_ Ta a —
out[55]= 93 PN , %pc.4=
X0 . ;
ExpandCovariantD: :nottensor :
T

A covariant derivative , 9J xg N abc;d:, cannot be expanded
5C

because Tensorial cannot assess the tensor nature of the expression.

out[56]= $Aborted

However, by setting permissive to True, Tensorial will do the expansion. (It would be incorrect in this example.)

In[57]:= CovariantD PartialD labs Td a ,xu b , c , CovariantD udd a, b, c ,d

ToFlavor red
%  ExpandCovariantD labs, red i, True

T _
out[57]= 9J Xg N;C, 2y eia=

27 T, . T : : :
out[58]= 9 __ axb "eb x? 'ea x*I” 4i "be  %ic "db  %bi 'de

The following expression won't expand at all because it contains a base index. (Take the covariant derivative of the

abstract index expression and then expand to base indices.)

a

bc —

xd
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In[59]:= CovariantD Td 1 , b

% ExpandCovariantD labs, i, True
Out[59]= Tl;b

ExpandCovariantD: :nottensor :
A covariant derivative , T1.p, Cannot be expanded because
Tensorial cannot assess the tensor nature of the expression.

out[60]= $Aborted

The following expression won't expand because it contains an unexpanded partial derivative.

In[61]:= PartialD Td a , b
CovariantD %, c
% ExpandCovariantD labs, i, True
out[61]= T, ,
out[62]= HT, pL._
ExpandCovariantD: :nottensor :
A covariant derivative , HTa,bL_c, cannot be expanded because
Tensorial cannot assess the tensor nature of the expression.
Out[63]= $Aborted

Expand the partial derivative first.

In[64]:= PartialD Td a , b
CovariantD %, c
%  ExpandPartialD labs
% ExpandCovariantD labs, i, True
out[64]= T, ,
out[65]= HTa,bL;c
T
out[e6]= J anN
ueresl= 3 SN
2Ta i Ta i Ti
Oout[67]= xS xP ch Xi ca b

The following is a second order partial derivative of a tensor.

In[68]:= Td a

CovariantD %, b, c

stepl % ExpandCovariantD labs, i, j
out[68]= T,

out[691= Ta.p -

2T o ; T ; T i T;
Out[70]= X¢ axb Jcbi Ti 'ja Xja% "ba x; Jcai Ti 'vj xf’%
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The following steps perform the covariant derivative in two separate steps. The first step generates partial derivatives
and Christoffels. Nevertheless, the complete expression is a valid tensor so the user would be justified in granting
permission to covariantly expand.

In[71]:= Td a
CovariantD %, b
% ExpandCovariantD labs, i
Print "The expression above is a
valid tensor even though the individual terms aren"t"
CovariantD %%, c
step2 % ExpandCovariantD labs, j, True
Print ""Check that the two answers are the same"
stepl step2 TensorSimplify

Out[71]= T,

out[72]= Ty,

OUt[73]= *Ti i ba Xb

The expression above is a valid tensor even though the individual terms aren”t

T ] .
out[75]= J XE}N "va:cTi Ti:e 'ba
5C

27 i T i i T;

— a J a i J

Out[76]= xC xb ch 3 ba i Tj ci X(I; %
i o i i i i "ba ¥
ca Xb i cj ba bj ca ja ch XC {

Check that the two answers are the same

out[78]= O
Restore settings.

In[79]:= ClearTensorValues gdd i,jJ ,Quui,j , uddi,j,k, dddi,j,k , udi,j ;

In[80]:

ClearTensorShortcuts x,y,S,T ,1, g9, ,S,T,2, ., »Z2zero ,3

In[81]:= DeclareBaselndices oldindices
ClearlIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;

Clear oldindices, oldflavors, labs, stepl, step2, covmn
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ExpandDotArray

t ExpandDotArray@tensorpattern, transposeorderD@exprD

arrays and wrap them in MatrixForm.

tensors that fit tensorpattern into

The routines in the Arrays section of Tensorial Help facilitate the conversion of tensor equations to vector-matrix-array equations.
In Tensorial this is called operating in dot mode. This can be used for didactic purposes and is sometimes faster because
Mathematica array operations are more efficient than tensor summations. See Arrays & Tensors in the Examples section for

an extended discussion.

The expansion is done in the sort order of the raw indices in each tensor. The lowest sort order index will be at the highest level.

The optional argument transposeorder can be used to transpose the levels of the resulting array. Arrays can either be transposed

with this argument or in the DotOperate command.

This is intended to be used on equations that have been put in the dot mode with DotTensorFactors.

See the notes for DotTensorFactors.

See also: DotTensorFactors, DotOperate, ToArrayValues, ArrayExpansion, EinsteinArray.

Examples

In[1]:=

Save the old settings.

Needs ""TensorCalculus4 Tensorial™

In[2]:= oldindices CompleteBaselndices;
DeclareBaselndices 1, 2, 3
In[4]:= DefineTensorShortcuts e, f,R , 1,

R,S,T,2, 5,3

The following are two examples from DotTensorFactors. We go one step further and expand the tensors.

In[5]:= Rdd a, c Tdu a, b Sdd b, c
MapAt DotTensorFactors 2,1
% ExpandDotArray Tensor ___
Out[5]= Rac SpeTaP
out[6]= Ryc TaP.Spc
iRtz Ri2 Rig jTit T2 T8
out[7]= Ro1 Roo RNE T, T,2 T,8
Rz31 Rsz Rss{ Tyt T2 T53

> %,

2

iSi1
- Szl
{ kS31

Si2 Si3
S22 S23
S32 S33 {

In the second example we have to expand the tensor product of e and f and not each tensor individually.
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In[8]:

Oout[8]=

out[9]=

Rd
%
%

S

S

Re

RC

c 3eua fub Sddd a, b, c
MapLevelParts DotTensorFactors
ExpandDotArray Tensor R S, _, _

3e2 S, .

3 He? PL.S, ¢

i Ru jelft elf?
out[10]= IR, g 3]e?2fl e2f2
Rs { e3fl edf2

1,2 ,3
eu _ fu
] S111 Si21
Sll2g Si122
i<5113{ S123{
el 3 S211 jS221
e’ f3 é § Sz12 Szzzg
e3f3{ i<5213{ S223{
] S311 jSs21
1S312 Sszzg
i<5313{ S323 {

] Si131
3Si32
%S133 {
S231
S232
S233{
Sz31

e

{s::2
kSsas {{

In the following the S matrix expansion would normally put i at the top level and j at the lower level. But for normal
array multiplication we want the i index at the lowest level. This is accomplished by transposing S when expanding.

In[11]:= fu j Sud j, 1 eu i

MapAt DotTensorFactors 2,1 , %, 2

% ExpandDotArray Tensor S, __ , 2,1 ExpandDotArray Tensor e f,
out[11]= ¥ ei 9,
out[12]= # o, .ef

i jSt; S, Slyy jet
out[13]= f2§ S?2, S?, S?; 2. ezé

f3{ 831 532 833{ 63{

Restore settings.
In[14]:= ClearTensorShortcuts e, f,R ,1, R,S,T,2, S,3
In[15]:= DeclareBaselndices oldindices

Clear oldindices
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ExpandLieD

t ExpandLieD@{x, d, g, G}, aD@exprD first order Lie derivative of expr using coordinate
positions x, Kronecker d and dummy index a.

t ExpandLieD@{x, d, g, G}, {a, b, ...}D@exprD will expand higher order Lie derivatives using the list
8a, b, c, ...<asdummy indices.

The Lie derivative is ambiguous until it is expanded to partial derivatives with ExpandL i eD, which provides the coordinates.

A common set of tensor labels, 8x, , g, <,isused in all derivatives, even though every derivative does not used every label.
It will often be convenient to set a variable to the list that you are using in your application.

ExpandLieD is automatically mapped over arrays, equations and sums.

See also: LieD, SetLieDisplay, AbsoluteD, CovariantD, PartialD, TotalD.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™

Save the settings.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclarelndexFlavor red, Red
In[6]:= DefineTensorShortcuts X, S, T,V,W ,1, ,S ,2

labs x, ,0, 3
SetTensorValues ud i, j , ldentityMatrix NDim

Set the Lie display for unexpanded Lie derivatives.
In[9]:= SetLieDisplay "LieMode"

The Lie derivative takes on specific meaning when it is expanded to the partial derivative form.

In[10]:= Tu 1
LieD %, V
%  ExpandLieD labs, a

out[10]= T!
out[1l]= £yT!

Ti Vi
out[12]= V@ a T2 a

Lie derivative of a scalar tensor...
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In[13]:= Tensor
LieD %, V
%  ExpandLieD labs,
%  EinsteinSum

Oout[13]= ¢

Out[14]= £V 0]

Out[15]= VWX
out[16]= V! V2 V&

With flavored expressions, the flavor should also be on the expansion index.

In[17]:= Tu i ToFlavor red
LieD %, V
%  ExpandLieD labs, red

out[17]= T!
out[18]= £yT!

Ti Vi
out[19]= V T
ut[19] X X

Higher order derivatives are also supported and require additional dummy indices.

In[20]:= Tu i ToFlavor red

LieD %, V,V

%  ExpandLieD labs, red ,
out[20]= T!

out[21]= EyyT!

_i
<
=
X <
I3
<
—
<

= 2Ti 2\/i
out[22]= V ;(v T T v
X X X X

X
X
X

The Lie derivative of a product of two scalars.

In[23]:= Tensor Tensor
LieD %, V,V HoldOp LieD
% ReleaseHold
%  ExpandLieD labs, a, b

Out[23]=
Out[24]= £VVH L

Out[25]= 2£V £V E'VV £VV

Out[26]= 2 VAP wiea ViY wojya Viy
xa Xb Xb xXa xa Xb { Xb xa X Xb {

Lie derivative of a product of a scalar tensor and a 2nd order tensor with respect to two different vector fields.
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In[27]:= Tensor Sud i, j ToFlavor red
LieD %, V,W
%  ExpandLieD labs, red ,
out[27]= ¢S';
out[28]= £y¢ £vS'; £v £4S'; EwwS';  Evu S,
. = 2 v
out[29]= S'; W iv ¥
X X X X {
= Si_ i . I Si.
W iv s, Ve Vg iw is
X X X xJ X X
{
i 2gt . 2yi S . i 2y
iw iv I s v i Vo )
X X X X X X x xJ
i S . Vv i s i i
1{v ios s, Vg iv sV
X xJ X 1 X X X

ExpandLieD maps over arrays, equations and sums.

In[30]:= LieD Tensor , Vv LieD Tensor , W O, LieD aTu 1
%  ExpandLieD labs,
Out[30]= 8£y £y 0, afyT' O<
= i i
out[31]= 9V w 0, aiw ™ Wy o
X X X I

An incorrect number of indices passes through unevaluated.

In[32]:= Tu i ToFlavor red
LieD %, V,V
%  ExpandLieD labs, red
out[32]= T!
out[33]= E£yyT!
out[34]= EyyT!

The expansion operates on the terms it matches.

In[35]:= LieD aTu i , V,V LieD bTu 1 ToFlavor red

%  ExpandLieD labs, red

, Vv

out[35]= b E£yT! afyyT!

Vi¥

~ = i
Out[36]= aLyyT biv ™ g
X x

Products of sums will have to be expanded before ExpandLieD will operate.

, W

0

x N X =
S R
X <
el L ¥

X =
fam]) S
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In[37]:= LieD Tui ,V LieD Tu1 , W LieD Tu j , V LieD Tu j , W Suu i, j
Print "ExpandLieD does not match without expansion
%%  ExpandLieD labs, ,
Print "But works after expansion"
%% ExpandAll
% ExpandLieD labs, ,
out[37]= HE,T! £, TLIET £TM s*J
ExpandLieD does not match without expansion
- i iq Tj Tj VJ i
out[39]= iv ™o V¥l T g T giw "y
X X { X X { X X {
i i iyj, ™ W i iyj, ™ W
iVTTV¥W T ginTW¥w T U § st
X X { X X { X X { X X {
But works after expansion
i T i i i
out[41]= V V T vV W T vV W T W w T
X % X X X X X X
Tj i Tj i i Vj i Vj
TV v TW v TV T TW T
X X X X X X X X
i ooy RE i N i Vi) i
TT v TV W TW W TT W
X X X X X X X X
i i i oy i .
TV T TW T TT v TT W s's
X X X X X X X X
i i T i i T
out[42]= V V T vV W T vV W T W w T
X X X X X X X X
T i T i i V] i v
TV v TW v TV T TW T
X X X X X X X X
i\ Ti i g i Vi i
TT N TV W TW W TT W
X X X X X X X X
i il i il .
TV T TW T TT v TT W s'd
X X X X X X X X
Restore the settings.
In[43]:= ClearTensorShortcuts X,S,T,V,W ,1 ,S ,2
In[44]:= SetLieDisplay "PlainMode™
In[45]:= DeclareBaselndices oldindices
ClearIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;

Clear oldindices, oldflavors
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ExpandPartialD

t ExpandPartialD@{x, d, g, G}D@exprD expands the partial derivatives using the coordinate label x and the
Kronecker label d.

The partial derivative of a tensor is not itself a tensor. However, it is used along with the Christoffel symbols in calculating the
covariant derivative, which is a proper tensor.

ExpandPartialD is just a delayed form of PartialD@labsD and it does not directly allow you to introduce partial derivatives
with respect to symbols.

In ExpandPartialD the extended list of labels 8x, , g, <, for coordinate, Kronecker, metric and Christoffel labels, is
given to be in conformity with similar usage with the other derivatives. Only X and  are actually used with ExpandPartialD.

When working in a notebook with a constant set of labels one can put labs 8%, , g, <and then use
ExpandPartialD@labsD@exprD, with similar usage for the other derivative expansion routines.

See also: PartialD, NondependentPartialD, TotalD, CovariantD, AbsoluteD.

Examples

In[1]:= Needs "TensorCalculus4~Tensorial

Save settings.

In[2]:= oldflavors IndexFlavors;
CleariIndexFlavor oldflavors;
DeclarelndexFlavor red, Red

In[5]:= DefineTensorShortcuts x, T ,1, S, T, , 2

Set the standard labels to be used in the examples.
In[6]:= labs X, ,0, ;

Without information as to the coordinate positions, a partial derivative simply shows a comma before the differentiated
indices. These expressions can be expanded to explicit partial derivatives by using ExpandPartialD and supplying
the coordinate and Kronecker labels.

In[7]:= Td i
PartialD %, j
%  ExpandPartialD labs

Oout[7]= T;

OUt[8]= Ti .J

out[9]= Tji
X

For flavored expressions, the flavor must also be on the derivative index, but nothing further is needed in expanding.
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In[10]:= Td i Xu 1 ToFlavor red
PartialD %, red j
%  ExpandPartialD labs

out[i0]= T; x!

out[11]= T; ; X' ;

out[12]= ;
X

All the tensors containing partial derivatives are expanded.

InN[13]:= xu i Tui ,2xu i Tuj ,Tu i Sud p, i ToFlavor red

PartialD #, red k & %
%  ExpandPartialD labs

out[13]= 9T' x', 2T x', SP, Ti=
out[14]= 9T' , ', 21X, T T XM, T' s’y sP; Ti=

. i o . Tj . gP. i
Out[15]= 9 ', Ik’ziTJ e x! Xk%,T' xkl s%; e

Restore settings.

In[16]:= ClearTensorShortcuts x,T ,1, S, T, ,2

In[17]:= ClearlndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors ;

Clear oldflavors, labs
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ExpandTotalD

t ExpandTotalD@8x, , g, <, aD@exprD expands total derivative expressions with coordinate label x

and Kronecker label d, using a as the dummy index.

t ExpandTotalD@8x, , g, <, {a, b, ..}D@exprD expands higher order derivatives.

Tensors are funtions of the coordinate positions and any variation of the tensor is due to the variation of the coordiates over the
parameter of differentiation used. Tensors are not allowed to depend on the parameters directly but only through the coordinates.!

For multiple differentiations, a dummy index for each differentiation must be given.

The dummy indices must be in the desired flavor.

A common set of tensor labels, 8x, , g, <, isused in all derivatives, even though every derivative does not used every label.
It will often be convenient to set a variable to the list that you are using in your application.

ExpandTotalD is mapped over arrays, equations and sums.

Total derivative expressions are fully evaluated when a tensor is expanded to its components.

See also: TotalD, CovariantD, PartialD, AbsoluteD, ExpandPartialD.

Examples

We set the Euclidean metric and coordinates.
In[1]:= Needs "TensorCalculus4 Tensorial™"

Save the settings.

In[2]:= oldindices CompleteBaseIndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;
DeclareIndexFlavor red, Red

In[6]:= 1labs X, , 9, ;

DefineTensorShortcuts x, F, ¢ , 1, g, , 2
SetTensorValues ud i, j , IdentityMatrix 3

Here is the total derivative of a tensor F...

In[9]:= Fu i
TotalD %, t

out[9]= Fi

|:i

out[10]=

The actual meaning of TotalD is...
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In[11]:= Fu i
TotalD %, t
% ExpandTotalD labs, a

out[11]= F?
_ F
out[12]= N
xa Fi
out[13]= ¢ xa

ExpandTotalD is mapped over arrays, equations and sums.

In[14]:= TotalD Fu i Gui ,Fuj ,t 0,0 Thread;
MapThread #2 #1&, %, Equal, LessEqual
% ExpandTotalD labs, a

_ g F' G Fo
Oout[15]= 9 t t 0, t 0=

B X2 Fi X2 Gi xa Fl _
out[16]= 9 "L, € w2 9 ¢t s O

In[17]:= Fu i Gu j c
TotalD %, t
% ExpandTotalD labs, a

out[17]= F' &' ¢

_ i Fi i Gj C
out[18]= & N F ¢ ‘

_ A X F! i ox@ ¢ c
out[19]= & £ xa F £ xa ‘

Here is a second order differentiation. For a flavored expression, the dummy indices must be in the desired flavor.

In[20]:= Fu i ToFlavor red
TotalD %, t, t
% ExpandTotalD labs, red a, b

out[20]= F!

2|:i
out[21]= £t

a b 2Fi 2 ya i
out[22]= X X F X F

t t xb  xa t t x2

In[23]:= TotalD Fu i , t TotalD Gu j , t 0
% ExpandTotalD labs, a, b

out[23]= 0

out[241= 0
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In[25]:= TotalD Fu i , t TotalD Gu i , t TotalD Fu j , t TotalD Gu j , t 0
% ExpandTotalD labs, a, b

_§ F ey P &
Out[25]—£ N t%i . t% 0

xa i x@ Giyl xt H xb G
outlel= 4 ¢ xa ot Xa%i tox ot Xb% °

The number of dummy indices must be equal to the differentiation order.

In[27]:= Fu i ToFlavor red
TotalD &%, t, t
% ExpandTotalD labs, red a, b, c

out[27]= F!

2|:i

out[28]= .

ExpandTotalD: :dummies : Number of dummies 8a, b, c<
does not match number of differentiation variables 8t, t<

Oout[29]= $Aborted

Here, we calculate the acceleration of a particle moving on a circular path.

In[30]:= SetTensorValueRules xu i , Sint ,Cos t , 0
TotalD xu i , t, t
% ExpandTotalD labs, a, b
% KroneckerAbsorb
% ToArrayValues

2Xi
11=
Oout[31] tt
_ 2Xa
— i
out[32l= ‘. T,
2Xi
Oout[33]=
ut[33] tt

out[34]= 8 Sin@tD, Cos@tD, O<

A total derivative of a partial derivatice of a tensor. We must expand the partial derivative before taking the total
derivative.
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In[35]:= ClearTensorValues xu i
Fu k
PartialD %, m
ExpandPartialD labs %
TotalD %, t
ExpandTotalD labs, i %

out[36]= FX

out[37]= F*

Fk
out[3g]l=
K
- XM
Out[39]= t
xi 2k
outp4ol= L T,

If we use a partial derivative after a total derivative, the total derivative must be expanded and the corresponding
expanded form of PartialD must be used.

In[41]:= Fu k
TotalD %, t
% ExpandTotalD labs, i
PartialD labs %, xu m

out[41]= FX

out[42]= Ftk
out[43]= Xt' )'j
out[44]= Xt' ijkxi

Restore the sesttings

In[45]:= ClearTensorValues xui, udi, j ;
ClearTensorShortcuts x, F ,1, g, , 2

In[47]:= DeclareBaseIndices oldindices
ClearIndexFlavor IndexFlavors;
DeclareIndexFlavor oldflavors;

Clear oldindices, oldflavors
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ExtractFreelndices

t ExtractFreelndices@expressionD return upindices, downindices< where each is a list of
the free indices in the expression.

The expression may be an equation, a sum of terms, or a single tensor term.

The routine may be used to check index balance in an equation or expression. If the terms don't all have the same free indices an
error message is generated and False is returned.

This routine is primarily used in programming other routines.
Free indices are indices that appear only once in each term.
upindices and downindices are each returned in the natural sort order.

ExtractFreelndices uses the ParseTermlndices routine. You can use IndexParsingRules to implement tensor
expressions that are not normally recognized by ParseTermlIndices.

See also: ParseTermlndices, IndexParsingRules, EinsteinArray.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™

Save the old settings.

In[2]:= oldindices CompleteBaselndices;
oldflavors IndexFlavors;
ClearIndexFlavor oldflavors;

In[5]:= DeclareBaselndices Range 3 ;

DeclarelndexFlavor red, Red , rocket, SuperDagger ;
DefineTensorShortcuts x,y,F, T ,1, S, T ,2

With an equation...

In[8]:= Sud i, J Xu j ydm Tud 1,k xu k ydm ToFlavor red
%  ExtractFreelndices

outgl= S'; X'y, Ti X<y,
out[9]= 88i<, 8m<<
With a sum...

In[10]:= Sud i, jJ Xu j ydm Tud i,k xu k yd m ToFlavor rocket
% ExtractFreelndices

it it it t
OUt[lo]: SI it XJ ymT T Kkt Xk ymT

out[11]= 88i'<, 8mf<<
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The following expressions are incorrect.

In[12]:= Sud i, J xu j ydm Tud 1,k xu k yd n ToFlavor red
%  ExtractFreelndices

out[12]= S'; Xy, T xy,

Freelndices: :notmatched : The free indices are not the same
in all terms of the expression or some terms have bad indices.

out[13]= False

In[14]:= Sud i, j Xu j ydm Tud i, k xu k yd k ToFlavor red
% ExtractFreelndices

out[14]= Sij Ay, T xy,

Freelndices: :notmatched : The free indices are not the same
in all terms of the expression or some terms have bad indices.

out[15]= False

Expressions involving differentiations.

In[16]:= Sud i, j xu j CovariantD Td , m Tud i, k xu k CovariantD Td
ToFlavor red
% ExtractFreelndices

out[i6]= T . S':x) T _ Ti xk

sm J om

Out[17]= 88i<, 8m, <<

In[18]:= Sud i, j xu j CovariantD Td , m Tud i, k xu k CovariantD Td
ToFlavor red
ExpandCovariantD x, , g, , red a %
% ExtractFreelndices

out[18]= T . S':x] T _ Ti xK

HUB | ;m

B - T -
out[19]= S'; ¥’ 3 T, %, N ThxJ T, %, N

out[20]= 88i<, 8m, <<

In[21]:= Fu i mTotalD xu 1 , t, t
% ExtractFreelndices

2Xi

- i
out[21]= F m tt

out[22]= 88i<, 8<<

Restore the initial settings...

In[23]:= ClearTensorShortcuts X,y,F ,1, S, T,2

DeclareBaselndices oldindices
CleariIndexFlavor IndexFlavors;
DeclarelndexFlavor oldflavors;
Clear oldindices, oldflavors

In[24]:

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

ExtractTensorSlots & SlotsToTensor

t ExtractTensorSlots@Tensorilabel, ups, downsdD will extract the slots of the tensor.

t SlotsToTensor@slotsD will convert the slots obtained with ExtractTensorSlots back to a tensor.

The slots are returned as a list of the form 88label, index, 1<where -1 isused for an up index and +1 is used for a down

index.

ExtractTensorSlotsis primarily used internally but is provided to the user as a convenience.

See also: ExtractTermSlots.

Examples
In[1]:= Needs "TensorCalculus4 Tensorial™
In[2]:= DefineTensorShortcuts R, 2 , T, 4
In[3]:= testlist Rdd a, b , Rud a, b , Rud a, a , Tuddd a, b, c,d ;
Thread testlist ExtractTensorSlots testlist TableForm
Out[4]//TableForm=
Rap 88R, a, 1<, 8R, b, 1<<
R?, 88R, a, 1<, 8R, b, 1<<
R2, 88R, a, 1<, 8R, a, 1<<
T?,cq 88T, a, 1<, 8T, b, 1<, 8T, c, 1<, 8T, d, 1<<
In[5]:= Tuudd a, b, c, d
% ExtractTensorSlots
% SlotsToTensor
out[5]= T2P_4
out[6]= 88T, a, 1<, 8T, b, 1<, 8T, c, 1<, 8T, d, 1<<
out[7]= T3P 4
In[8]:= ClearTensorShortcuts R,2 , T, 4
In[9]:= Clear testlist
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ExtractTermSlots

T ExtractTermSlots@termD will extract the slots of the tensor term in the Mathematica order of the factors.

The slots are returned in the form: 8scalarfactor, factorslots..<

The factor slots are returned as a list of the form 88label, index, 1< where -1 is used for an up index and +1 is used for a
down index.

Tensors and indices in derivatives are extracted from the derivatives and the derivative information is lost.

ExtractTermSlots is primarily used internally but is provided to the user as a convenience.

See also: ExtractTensorSlots.

Examples

In[1]:= Needs "TensorCalculus4 Tensorial™

In[2]:= DefineTensorShortcuts x,1 , R,2 , R, 4
labs99 X, 5,0, >

Some examples of extracting the slot structure for terms...

In[4]:= testcase Rdd b, a , 2aSin Rdd b, a ,
Rdd a, b Ruudd a, b, c,d ,2qRdd a, b Ruudd a, b, c, d ,
Ruu a, b Rdddd a, b, ¢c,d ,Ruu c,d Rdddd a, b,c,d , 3 ;
Thread testcase ExtractTermSlots testcase TableForm

Out[5]//TableForm=

Rpa 81, 888R, b, 1<, 8R, a, 1<<<<
2aSin@DR,, - 8-2aSin@sD, 888R, b, 1<, 8R, a, 1l<<<<

R.p R2?.4 - 81, 888R, a, 1<, 8R, b, 1<<, 88R, a, -1<, 8R, b, -1<, 8R, c, 1<, 8R, d, 1l<<<<
2qR,, RP.4->82q, 888R, a, 1<, 8R, b, 1<<, 88R, a, -1<, 8R, b, -1<, 8R, c, 1<, 8R, d, 1<<<
RabR., .4 - 81, 888R, a, -1<, 8R, b, -1<<, 88R, a, 1<, 8R, b, 1<, 8R, c, 1<, 8R, d, l<<<<
R°9R,,cq — 81, 888R, c, -1<, B8R, d, -1<<, 88R, a, 1<, 8R, b, 1<, 8R, c, 1<, 8R, d, 1<<<<
381, 8<<

In[6]:= testcase PartialD Rdd a, b , c ,
PartialD 1abs99 Rud a, b , xu ¢ , CovariantD Rud a, b ,c ;
Thread testcase ExtractTermSlots testcase TableForm

Out[7]//TableForm=
Rab,c » 81, 888R, a, 1<, 8R, b, 1<<, 88tlab$87, c, l<<<<

Ro 81, 888R, a, -1<, 8R, b, 1<<, 88x, c, 1<<<<

R*,.. —» 81, 888R, a, -1<, 8R, b, 1<<, 88tlab$90, c, 1<<<<

In[8]:= ClearTensorShortcuts R,2 , T, 4
Clear testcase, labs99
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